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Theorem 9.11. Let (t,z,m) € [0,T] x R? x P(R?), and consider processes
X and X that solve the SDEs
dX ™™ = b(X ™™, pg™)ds + o (Xg™™, p™)dWs + (X ™™, pg™)dBs,

S
dX;™ = b(X™, pg™ )ds + @ (X, pg™)dWs + F(X™, pg™)dBs,

on s € (t,T], with initial conditions X,;"™ = z and X;™ ~ m, and with
p™ = L(XE™ | (B, — Bi)rejt,s])- Define the value function

T -
V(t,z,m)=E I:Q(X:'I1ma l—‘;‘m) + / f(X:,z,m,#i,m)dS )
£

for some given nice functions g and f. Suppose U : [0,T] x R? x P(R%) —» R
1s smooth and satisfies

6tU(t1 Ly m) + LU(t? £, m) + EU(t,:B, m) + f(ma m) =0
U(T,z,m) = g(z,m).
Then U =V.
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Let (¢, z,m) € [0, T] x R* x P(IR%), and consider the controlled processes
X and X that solve the SDEs

AXED™ = p(XEE™ ub™ o )ds + o(XEE™, pb™, a,)dW, + y(XE5™, pt™YdB,,
dX™ = b(XP™, pg™)ds + G (X7, pg™)dW, + (X g™, pg™)dBs,
on s € (¢,7], with initial conditions X:"I’m = xr and )E':’m ~ m, and with
ps™ = L(X5™ | (B, — By¢)re[t,s])- Define the value function
T
V(t,z,m) = supE [Q(XE’I”",#*;"‘) + f f(XE’I"“,ﬁi’"“,as)dS] ,
a4 (4

for some given nice functions g and f. Define the Hamiltonian

ac A

H(z,m,y,z) = sup [y - b(x,m, a) + %‘I‘r[«‘%’(ﬂ'fﬂrT + v )=, m,a)] + f(z,m, a)] -

Theorem 9.12. Suppose U : [0, T] xR% x P(R?) — R is smooth and satisfies

U (t,z,m) + H(x,m, D U(t,z,m), D2U(t,z,m)) + LU(t,z,m) = 0] / %-}

U(Ta Xy m) = g(:t:, m)'

Suppose also that there exists a measurable function a : [0, T| xR% x P(R%) —

A such that o(t, x, m) attains the supremum in H(x, m, D U(t,z,m), D2U (t,z,m))

for each (t,z,m) and also the SDFE
d'-Xt — b(Xt'; Ft, ﬂ!(tr Xt: .u‘t))dt + E(Xta Hity a(t! Xta ﬂ{;))th + ’Y(-Xf.: )u"t)d-Bf.

is well-posed. Then U =V, and ot, X¢, put) is an optimal control.
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