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ABSTRACT

In this thesis, I introduce and summarize the transport-based method intro-
duced by Prof. Serfaty, which is used for obtaining the free energy expansion of
Gaussian fluctuation of Coulmob gas in [11] in 2020. Then I make use of it to es-
tablish the moderate deviation principle for Gaussian fluctuation of d-dimensional
Coulomb gases with d > 2.

The main ingredient is to calculate the order of error terms stemmed from
the difference between original Laplace transformation of Gaussian fluctuation and
the one transported by the chosen measure. Then we can get the estimation with
exponential bound. After applying the Gartner—Ellis theorem in [4], we can obtain
the moderate deviation of the Gaussian fluctuation.

Meanwhile, I also give the speed of normal approximation of Gaussian fluctu-
ation of 2 - dimensional Coulomb gases.

Key words: Coulomb Gas; Transport-based Method; Gaussian Fluctuations; Mod-

erate Deviation
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()] < C |[6f2x (1 + N5 tblery + N3 bleqn ) + elea bl (1 + N7 |iblcr )

(2.3.12)
+ W]t [0l ea N~ log(EN ) (1 + N~ &bl 2o
X ((Nig)a/(dﬁ)ldzs + 10g<€N%)1d:2) 2(t)
140

+ Y] e [ [(Nd5)1 (14 N7 |ulore=wy + N9 tplerwn ) B(t)La=s

1+o0

1 —2a/ _ 140 7 1 ol A1
+ (((Nd€)1 2 (1—|—N d ],ué]cug(w))—i—(]\fd@l N d’ﬂg’Cl(Ug))

=

Horr © HHRAERL d, ||pol| ooy It er 1 EFAEA t]e]c2N—a log(EN7).

(1]

(t)

o
=

o

+ (Nag)' =2 N~a=(¢)
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[A] A

B ()] < C| [ (14 N7tles + N73 ([0 [2 + teles)) + []ea ]| (1 + N~ ot c2)

(2.3.13)
+ [$lor [¢lo2 N3 log(EN¥) (1 + N4 (L9 [2e + ti|cs))
x ((N90)* @D 1455 + 1og(EN¥) La=s ) (1)
+ L[ oo [(m>—1 (14 N=3(#23[22 + tllos) + N4 [l o2 ) 2(t) Lams
+ (((zvéa”a’ (14 N8 (216122 + thles)) + (NEO)™ N7 (1 + t]p] =) Z(¢)

d—1

+ (Néﬁ)leéE(t)“) L4>3

Hor © R o WITEEL, 1o WOH FHEA YRR d.
iF 2.3.2 ERBAMCEEA H R ER XK
HERR 7R [11] PR 4.2 % p= pe, FBFATEE] (2.3.12),

RIFEEE, TAA:

|(Id + ta))F# gl cr <C (Jpglen + |tah]c2) (2.3.14)

|(Id + ta)) # g 2 §O(\M9\C2 + (Juolcr + [t|c2) (1 + [t|e2) + \W\cb‘) (2.3.15)

RA2.3.12), A TIRE] (2.3.13), O
538 2.3.5 (BEBEM) FKATA:

08 B i) (50 (58 (VY (oo, U) + (108 N ) 1ama) + CH (X010 @)

< OBx(B)N* (2.3.16)

Horp ¢ @ XAE (1.2.10)9, 1 n:= Nu(U).
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ROW K ¥ A B ® i X (R )

HERR B (1] TRanE 3.7 S uo= pe RIWTASEI 258 O
iE 2.3.3 X4 TIHATXET B Coulomb FEfE Laplace 84 —A 5kt
5138 2.3.6 7E5| B 2347, 32 Ay(Xw, pe, ¥) == ='(0)

IE X

Z(B,p) = —5/ fa(Brt=d) — i (/Rdubgu> 14— (2.3.17)

 Bi(f, e, ) SREEL Z(B, 1) 1E t = 0 (IR

/7\
4
[ler <CEPMT M 0<k<3 (2.3.18)

FIt072 <1 A%/, MIXHER ¢ WA

-1 ?
t| < to:=C (Se[(%m)]RS) Dy () (2.3.19)
/\q:'
(~*1log(N20) W g =2
DN(¢ E 1 1 ’
7 (log(ENS)(N30)* @2 4 (N g)' =" 4 (Nsf)'**Ha=) 24 d>3
(2.3.20)
il
RN, 1) = max (z(1+ [log z]), (y* +y)(1+ |logy|¥)) (2.3.21)
Hor
Ps pslplc
=, Y= 2.3.22
vi=oaT Y N1 ( )
WA d =2, FliTH
K (i) _ 8
1 di 1
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1

+O<tﬁx(5)N€d( maxw)]R8>2DN(¢)_1> (2.3.23)

s€[0,Dn (

R d >3, JATH

o 1) _ g (12 [ o) (0™ + oo ™)

1

+ 0 (tBN£d< max R> QDN(z/))_1> +o0(1) (2.3.24)

s€[0,Dn (
HERR HEIRATE X “HEEE

(R 0 g =2
G =

Xy, FU(Xy) < M(NE)N'-3} 4d >3
N

Hrp M RRATRL

R 32,34, FATAI ARSI XK By Coulomb R R % 12 Hi (145 il
FR(®:(Xn), Pittpg) < CFR (X, o)
GEAREEL (2.3.16) FI5[3H2.3.4, WHRERE M Ff1 N R, IEA:
log Py 5(G€) < —;MﬁNéd (2.3.25)

[ AT A

log Eggﬁi; = log Eqy (u9) (exp (_BN%_l (F%(@t(XN), Dy#p1g) — F%Z(XN, NG))>)
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=108 Eqy () (Lo exp (BN (FR(@u(X). Bifuo) < CFF (X, i) ) ) +0(1)

(2.3.26)

%] PAM 25K (1.2.20) 153,
B R RTATA AR (2.3.13), (2.3.18) ARAAF t672 < 1, e s d =2
i, BATTA

K t
log Kiggi; = log Eqy () {eXp ( — BtA( XN, 1o, v)
+ t2O(DN(¢)‘25(Nfd + FR (X, ue))))] (2.3.27)
é\
v = BNEA( X, ptg, ) + NBi(B, 119,) (2.3.28)
[ 1

og Eqy () (exp (—t7+ O (B2 Dy ()72 (NE* + FY (X, 1)) ))

= O (BNCI[2:8x(8)) + O (BX(BINE(R: +Ry))

PR B AT PR 25 2RI 4538 (2.3.16), A THE - R |1 Dy ()" < O (C' > 2),
T A3

log Eq (us) <1G exp (—;m» = 0 (B(B)NE (PDy () + Re+ Ro)) (2:3.20)
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XFFYEE d > 3 FATEASER (2.3.13), HEh:

KN(M@)
K (10)

log = log EqQy (1) {10 exp ( — BN YA (X, g, V)

+ 5N3-1t20(< (6" log(ENF) (N3 0742 4 ¢=4(N30)' =) (FY + N'-5 Nee)

d

+ NGO TN (FY 4 N2 =) )) +o(1)

[ b, A(2.3.28) W07, T3] 2.3.4, R EIFELF 1 G i, FATA S5 (2.3.29) 1
16 d >3 T, M HEMZE A o(1), EFH (2.3.20) 1558 .
FATITEERE o < Dy () BB/, fHif5

[A] IR AT 12

a:01< max Rt> Dy (¢)

IR maxiepo,pywy Re BA, BATTAEREFE C, 15 o < Dy(¥) oL,
H LA 2] -
log Eqy (ue) (Laexp (—ay)) = O <6x(6)N€d maxw Rt> +0(1)14>3 (2.3.30)

te[0,Dn (

R, FATAIDANH EIATHE T —a b, B85 —4 3
(/) Holder AZEa(, FRATHEH AR ¢/a MG/, BI(2.3.19) BOLE, KA
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t
108 Equ () (1 exp (1))] < CL' [10g Eqy(sp) (1 exp (—ay))| (2.3.31)

t] d
<o N¢ R.+o(1)1 2.3.32
< aﬁx(ﬁ) scinax 0(1)1g>3 ( )

F(2.3.28) M(2.3.32) HEA (2.3.27) 2, SRS PRI o 195 SCRIG (2,35
O A=EE(2.3.16), FAH2:

Kn(uh) ; » !
log ) —tNB1(6,ue,¢)+O<tﬁx(6)Nf Dy () (te[g,aﬁw)] R) )

+ O (BX(B)NEE Dy (1)) +o(1) Lass

FEHAIZEAT (2.3.19), FRATATDAKESE “ IR ZE S —T &I
wJa, MYEECd =2 I, FRATRTAEIE TR

Bi(B, po, ) = i/Rd div (Y1) log pe

(AL d > 8 0, AV
2 . 1-2 -2, 1-2
B0, = (1= 3) 8 [ div o) (Fatams™)+ oy 1o )

AN X 5wl el I 0 == e O
5138 2.3.7 AR V e C7, MFATH

| log K (vg) — log K (11p)]

< CHX(B)NEE ((|E]er + [Elos) + ElerlElos + (e l€lez + [Elor €l or + [€loz €le2))
(2.3.33)
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Hor C M o 7 supp € EZ C° HITEEL

HERR FRATHE [11] iy (7.24) 4 ¢ = 0 BIRITR31458 .
5138 2.3.8 (Gartner-Ellis) X} —5BUYET R HRBEHLIA R (Z,), HP Z,

M i OB R A () 2 log B [e™2)]
EOHER A, AN) £ 1imy, 00 2A,(n) ZBFELE, I H. A(-) 1) Fenchel-Legendre

AR A% (z) JECIE %, WIFRATA
(a) *MEREMASE F, FA1A:

O

1
lim sup — log pu, (F') < — inf A*(x)
n

n—o0 zeF
(b) AT G, FA1A:

lim inf ! log 11, (G) > — inf A*(z)
n—oo n

zelG

HERR FRATEHEMN [4] e RE 2.3.6, JEHTATHER L A (x) BARPIEE

HPT R YK O
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3 RERTHT

WIS (2.2.8)F1(2.2.9) 8 K7, 12
€ :—g*y§+V+t§+;logy§—Cg (3.0.1)
TA1A FrK

N
HX}S(XN) = N25Vt(y§) + N/ (g * Vé + Vi)d (Z O, — Nl/é) + Fn(Xn, vp)
Rd i—1

1 N
= N2V (1) + N/ (—5 log vy + &;)d (Z Ou; — Nug) + Fx(Xn, vp)
Rd

=1

N N N
= N2 () 4+ Fn (X, V) — 7 > logvg(z)+ N | ed <Z O, — NV;)
i=1

Rd i=1

Hor & 58 (ARG (1.1.6)
WFHANEN Z3 5 15 L2, SRIGHET 0 7E5(117) oty e 3¢, FeAfs8):

Z]‘\?ﬁ = exp (—ﬁNHESg/t(yé))

ol t 29 t t\QN
x / exp <—9/ erd <§ O, — NV9> — BN FN(XN>V9)> d(vg)“™ (Xn)
R¢ Rd

=1

(3.0.2)

B X (1.2.18) A4 (1.2.19), FRATAT AR B RS AL
, N
ZJ‘\%,B = exp (_5N1+Hé‘g’t(y§)) KN(I/é)]EQN(Vé) (exp (—0/ erd (Z O, — NVé)))
Rd -
3.0.3
2450 (1.2.12), FATA

ZY g = exp (—BNSE (110) ) Ky (110) (3.0.4)
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KATPAE B (121 2B (1.1.4) 2 dsk B R Sk (1.2.20) 155
e 2 5

2 ~N ZV;5 ¢
By, (7 T ) = 282 — exp (— BN (1) - ) (o)) Ezﬁﬁji
(3.0.5)
Horb g 525 Vi KRR P B

LA AE(3.0.4) A1 (3.0.5), FATRBL:

2
Epy 4 <e_t5Nd Zi‘v—lg(“))

_ ot (el w—el () K (g

~— | ~~—
3]

2
/
@D
!

e
/—\
SD
SH
S/—\

]
§0')
-
S

N———

N———

N———

K (1
_ —5N1+%<5;/t(ué)—8g/(u9)) KN(”})) K (1) . < ( . <N _ )))
e Kt KN(M@) ~(t) | exP Q/Rtjg d ;5 Ny,
(3.0.6)
Hor
Kl = [ exp (=ANERu(Xn ) du(X,) (307
(R4)N

A RNTRG R E X (1.1.9), FATATARGE]:
’log Epy 4 (exp (—tﬁN%Fluct(§)>> + 2N B () + tNﬁm(ﬁ)‘ < 24: |Error;|
i=1

Horpe
[Brror| = BN'TEE5" (V) = £ (1t0) = t fgo Edg + *0(€)

|Errory| = ‘IOgEQN(V b (exp ( 0 [gaced (Zi]il Oy = NV@)))‘

Ky (v
[Errory| = [log {88 + tN gm(&) [Errors| = [log (]

o) = =5 [ 1V =55 [ mlL©)F

2Cd
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;/ <A§>10g,u9 4 d =2

Co

m(g) =4 % Ag 2 L2 -
(1-3) /( )(fdwua 4By fa(B ) M3

Cd

HRORIANTEE 6 A€, RSt 2 N BASE, FATEEMTTXERER
Nb]g Ve

3.1 SF—IRE

(I3 2310 0 = BNG, i1

3
|Error;| = O (1; /Rd He |L(f)|3)

=0 (N—it?)
3.2 BINRE
ZhAa51 2.3. 2015 2 2.3.3, FATH
|Errors| < C\/X(B)BN" 4 0%|e,|cr + CONE|e; |2
1,51 1
< 0(375)(N1+d(tQQ\§|02’f\03+02(|§’CQ+|§\C3))+5N@29’5|C2\5|C3+02(’§\C2+|§’C3))2)
=0 (£N'"7) (32.1)

o C (B, 0) 7ML 8 AL EEL

3.3 FZ=IIRE

HUAERd =2 B, D () 3 (2.3.20) 1, 2

122 (log(EN$)) * < Dy() < CF° (3.3.1)
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1E d > 3 I, FATA

1

C2 (log(EN &) (N30 @2 1 (N3 0)1= 4 (N50)! 725" 7 < Dy(y) < OFF

(3.3.2)
AP
,2d-2

o = ad—2) (3.3.3)

1k IR SRR B ey, A3 -
Dy(¥)™' < CL2(Ng) 3 (3.3.4)

JHAA R WE X2, FATATASE] E5
max R,=C (ng) (log Nde) (3.3.5)
s€[0,C¢2] P8 3

56513 2.3.6 F(3.3.4)PHiTHE A S (3.3.5), ATH:

5€[0,Dn ()]

|Errors| = O (tﬁx(ﬂ)Nﬁd< max Rs>2DN(¢)_1>

B o(tNélog%N) W =2
0) (tN”de%) Wd >3

3.4 HOIHRZE

FATERMENGH2.3.7, 155

|Errory| < CBX(B)NLE ((|€]er + |€les) + [Eler[€los + €(1E|or €] o2 + [€ler[€los + [€lc2[é]c2))
=0 (Nt2)
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4 TEIEIERA
BT HER ¢ M, Fef1Sem 5.3 ISR (3.3.0), (3.3.4) F1 (3.3.5)HFAF
i

3 O (N*%) g = 2
<te[(%ax<w>1 Rt) Dnl¥) = Y
N O(N mdz) W >3

X T RIS PERy ¢ 5 25 [ 31236/ 2% F

41 g d=2

FATB ¢ = —7 N2 Hof 7] < 7, v W T — o0 FlI fg — 0 (N — 00),
R AT A
t] < 2

) B AT DASRIES |3 2.3.6 il S5l oT
R =B R AT Y ¢ Brffedst, AT DAMSEMBAT B AL T

|Error;| = O (T}Q{,N"l)

|Errora| = O (T]%,N’2)
|Errors| = O (TNN_% log% N)
|Errory| = O (T]%,N’l)

PR AT 1453 -

exp (7254611(5)) Ep, , (exp (TﬂéQ{Fluct(f) — m(§)})> — exp (O (T]4V N_4>) (4.1.1)
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MER s € R, & 7= stv, TEMPETFERA 77, FA1455):

A(s) == lim — logEs, , (exp (rys {Fluct(€) — m(€)})

N—oo TN

) 1
= lim — logEp, , (exp{7nsFluct(&)})

N—o0 TN

3 2
= oo [ 19 = (e

)
|

3
() =g | IVeF

FeMTAT ATt A(s) SARGHRRAL, BRI 2 5 HE2.3 8P 4% 1
[T FR AT PATS 3 A(s) 19 Fenchel-Legendre 254 :
2
J(x) = m
R RS 12,38, AT LAEHE] S2Fluct(€) IR R
FESR (LRI T = 12871072, o i REECAGE, » € R, FHE
o, BOHE R PR, K14

on (@) = Epy , (exp (iw{Fluct(§) — m(£)})) (4.1.2)
= exp (2287'0(€) + O (N% logi N)) (4.1.3)

— oxp (-:p?ﬁ—l;’cQ /IR Vel a5 o /R o |L(E)? + O (NH logh N))
(4.1.4)
= exp (-:ﬁﬁli Ve +0 (N7Y) +0 (N Flogi N)) (4.1.5)

2 JRR2
= ¢(z) exp (O (N~% log® N)) (4.1.6)
Hr

— 322
o) = o0 (5o [ 19¢P)
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-
P

ERAE N0, 25 [eo [VEP) BIFFEBRRL, T on 2 Fluct(€) — m(&) %S
TR

R, FRATEF] T 8 0 O R B Rk ) S T IEAS A N(0, 25 [ [VEP)
AV FRFALE R 5 ) A

X R OPEAEE—AEEUE K, AT

sup |y (z) — o(z)| < |exp (O (N_% log? N)) -1 ~0 (N_% log? N) (4.1.7)

zeK

4.2 #H¥d>3

IE‘I}EJ &ﬁ]iﬁ*% t = _TN_%_%gza ;H\:EP |T| S TN, TN ﬁ/@ TN — OO ﬂ:‘n

NH}L% —0 (N —=00),

[Errory| = O (yN~37F)
[Errory| = O (T3 N7H)
[Errors| = O (ry N2 ™3 3)
[Errory| = O (T3 N~H)

PR AT 14531 -
exp (726451)(5)) Epy (exp (TNé_%B£2{Ftht( &) — N'=im (f)})) = exp(O (TNNE_lTQ_ALd))

Xj‘/ff%t: s € Ra é\ T = 87N, é\ T = S8TN, EW@EXX&%&#%% 7—]2\[ ) ?{Zﬂ‘]ﬁ%‘ﬁl

A(s) :== lim IOngNﬁ (exp (TNS{Fluct(g) — Nl_%m(f)}))

N—o0 TN

2
02 [ weP = e
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3
) =, [ [ver

MM A(s) #J Fenchel-Legendre 2542 :

PR P31 B02.3.8, FeflTRBEAT DA S 22 (Fluct(€) — N'~3m(¢)) MK IR
LIt
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S|

WAL, NG R EA BB S EMESZ .7 MR Mk K i
FHPUAET AR, ENTRCREEm R T,

PRSI AR BRI KA, R ACRE ;s Bl TG B X X s Bl e SO 2B D Fa
IS B DAL P R05K s v SO Z I i s Sl PhD BN - B Ay, Max-
imilian Nitzschner Mg EZNN; BTER AW R FE R —E NI, IR AL
HE, EARKRKKEBRTCH, R, DU, BSCilE:, Bk i [F 2
RRFEFRTG B ChatGPT LK /EAM A BTRX. B ira i g i
IR, A ARTESA 4 RIF !

WEPLIES A — > Liouville E#ARMIMEE S & A 27 b, XTHABE
P Sh 0GB HOR A R 8 2 W R A X — &5 R SR sl IR
%, MEEHLIESES RS, it B ORI S .. AEREAMC A
TARZAH Y, WAEECCHYIG, NIt H 4y am i & .

TEIX BRI K 2F B A BT 2B 2 T TAER] ;20 Ak [m] 22l
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