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ABSTRACT

In this thesis, I study and introduce the transport-based method introduced
by Prof. Serfaty, which is used for obtaining the free energy expansion of Gaussian
fluctuation of Coulmob gas in [11] in 2020. Then I make use of it to establish the
moderate deviation principle for Gaussian fluctuation of d-dimensional Coulomb
gases with d > 2.

The main ingredient is to calculate the order of error terms stemmed from
the difference between original Laplace transformation of Gaussian fluctuation and
the one transported by the chosen measure. Then we can get the estimation with
exponential bound. After applying the Gartner—Ellis theorem in [4], we can obtain
the moderate deviation of the Gaussian fluctuation.

Meanwhile, I also give the speed of normal approximation of Gaussian fluctu-
ation of 2-dimensional Coulomb gases.

Key words: Coulomb Gas; Transport-based Method; Gaussian Fluctuations; Mod-

erate Deviation
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140

+ Y] e [ [(Nd5)1 (14 N7 |lorewy + N9 lerwn ) B(t)La=s

1+o0

1 —2a’ — =T~ 1 —a! _1,
+ (((Nd€)1 2 (1—|—N d ],ué]cug(w))—i—(]\fd@l N d’ﬂg’Cl(Ug))

=

Horp fig € XAERE(2.2.6), € AHGAERC d, lpollrew,y M tller By B EH

(1]

(t)

o
=

+ (Nag)' =2 N~a=(¢)

o
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tle2 N~é log(EN9) . [ ifBA

Z(t)] < C| [ (14 N7at]ple + N73 (1[0 2 + tles)) + [$lee ][]z (1 + N7t o)

(2.3.13)

+ [Wler|¢loa N4 log(EN6) (1 4+ N~4 (£2[0h[22 + tl|ca))
% (N30 21455 + log(IN ) Tas) E(t)
+ 07 ) e o [(Nierl (1 4+ N3 ([0 f2e + tlos) + N3 [1)|e2) E(t)Tas

+ ( (N3 72" (1 4+ N7E (2022 + t]los)) + (N5~ N7 (1 + £l =) ) Z(1)

d

+ (N§€)1_20‘/N_55(t)d_;> ]_dZS

Fot O SR 0 WOTERL po 1R IS4 415 d.
S 2.3.2 BCRFNTAEEIEER P 2 b —
SERE e [11] PO 4.2 4 p = e, PIFEATEE (2.3.12).

WIRTERE], JATA,

|(Id + t)#pelcr <C ([poler + [t]cz) (2.3.14)

1 + ) tsolor <C(lnales + (olen + [tple) (1 + [tlce) + tls ) (23.15)

RA(2.3.12) 1, FEIFRATES] (2.3.13), 0
|38 2.3.5 (BEREM) T4

log Eq (U9 (exp (;B (NglF%e(', pe, U) + (Z log N) 1d:2) + C# ({X,} N Qg)))

< CBx(B)NL* (2.3.16)

Horb ¢ 5 SUAE (1.2.10)1, 1 0= Nu(U).
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HERR B (1] TRanE 3.7 S uo= pe RIWTASEI 258 O
iE 2.3.3 X4 THATXT =B Coulomb FEfE Laplace 84— FFHlt .
513 2.3.6 AE5[BE 2.3.477, 90 Ay(X v, pe, ) := Z'(0) , FE SCELA R AT I

Z(B,p) :=—pB /Rd 28 fa(Bp' T3 — i (/Rd p1log u) 14— (2.3.17)

4 Bi(B, o, ) ZEREL 2(8, fig) TE t = 0 BIFHL.
P
[lex <COTFT Y 0<E<3 (2.3.18)

Rt <1 2/, MIXHLR ¢ W2

t| <ty :=C* R D 2.3.19
f<toi= 07 (s R.) D0 2:319)
Hrp
(~*log(N20) d=2
Dy(y)~% = 1 1 o
—* (1og(£Na)(Nd£)a’<d-2> + (Naf)!=o 4 (Nag)' = *@) d>3
(2.3.20)
il
RN, 1) = max (z(1+ [log z]), (y* +y)(1+ |logy|¥)) (2.3.21)
PAS
Ps pslplc
= =, = T 2.3.22
vi=oaT Y N1 ( )
Wk d =2, JAT,
K (fig) 3 :
lo =tN— d lo
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1

+O<tﬁx(5)N€d( maxw)]R8>2DN(¢)_1> (2.3.23)

s€[0,Dn (

R d >3, JATH

g )00 v (12 [ aiv o) (1) + oy i)

1

+ 0 (tBN£d< max R> QDN(z/))_1> +o0(1) (2.3.24)

s€[0,Dn (
HERR HEIRATE X “HEEE

(RY)N 0 g =2
G =

Xy Fe(Xy) < M(NM)NEY 24 d>3
N

Hrp M RRATRL

R 32,34, FATAI ARSI T B Coulomb R R % 12 Hi (145 il
FR(®:(Xn), Pittpg) < CFR (X, o)
GEAREEL (2.3.16) FI5[3H2.3.4, WHRERE M Ff1 N JBUEK, I
log Py 5(G€) < —;MﬁNéd (2.3.25)

[ AT A

log Eggii; = log Eqy (u9) (exp (_BN%_l (F%(@t(XN), Dy#p1g) — F%Z(XN, NG))>)
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= 10g Equ i) (La exp (~ANE (FR(2u(Xn), Ditpie) — FR (X, o)) )) + 0(1)

(2.3.26)

%] PAM 25K (1.2.20) 153,
B R RTATA AR (2.3.13), (2.3.18) ARAAF t672 < 1, e s d =2
i, BATTA

K ~t
log KiEZZ; = log Eq (ug) [exp ( — BtAL(X N, g, V)
+ t?a(DN(¢)—2B(Ngd +F(Xy, ug))))] (2.3.27)
é\

v = BNTA(X, g, ) + NBi(B, g, ) (2.3.28)

[EImf e [11] g5 2 7.1, FA152)

log Eqy (i) (exp (—t7 + O (82 Dn () > (N€* + FF (Xn, i5)) ) ))

= O (BNCI[2:8x(8)) + O (BX(BINE(R: +Ry))

PR B AT PR 25 2RI 4558 (2.3.16), A THE - R |1 Dy ()" < O (C' > 2),
T A3

log Eq (us) <1G exp (—;m» = 0 (B(B)NE (PDy () + Re+ Ro)) (2:3.20)

XFFYERL d > 3 AT AREX (2.3.13), i
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KWKk A BB e o (ki)

K ~t
log N(MG) — IOgEQN(ue) lgexp | — BN%_ltAl(XNu e, qu))
K (1e)

+ BN 3—11&20(( (" log(EN ) (Na0)~ @2 4 ¢=(Nag) =) (F§ + N' i N ()

NG TN (FY 4 N2 ) )) +o(1)

A b, 2-(2.3.28) oL, G IHE 2.3.4, EBTEFF/E G o, FATHEX(2.3.29)th
1 d > 3 AL, HHRMAZE— o(1), X2 NAE(2.3.20)% Dy (v) HYEEFE.
FMTIELLRE o < Dy(v) B/, 5

WAL [F]IfFATT4

a=C"" ( max | Rt> Dy (v)

t€[0,Dn (

AR maxiepo,py ) Re B, BATATPAEEFEEL C, 15 o < Dy(v) W7,
SR XAk

log Equ(u) (Laexp (—avy)) = O <6x(5)N€d max Rt> +o(1)14>3  (2.3.30)

t€[0,Dn (

AR, AT AN H B HE T —a b, 15815 — 1%
il Holder AGE, FATHELR AR t/a LG8/, RI4(2.3.19) ML, FRAT]
A

t
\1og Equy (ue) (Le exp (W)] < Cu ’log EQx (uo) (Lo exp (—av))] (2.3.31)

SCTﬂx(ﬁ)]\wd max Rs+0(1)1g>3 (2.3.32)

SE[OvDN(w)]
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H#(2.3.28) H1(2.3.32) aFA (2.3.27) 2, RIFHRRE o BIE XHIT|BE2.3.57 1
AEER(2.3.16), Fof115-3:

KN(MG) _ d 1 < %
log Ko (o) tNBi(B, po, ¥) + O (tﬂx(ﬂ)Nﬁ Dy () <t€[g}})aN(w)} Rt) )

+ 0 (BX(B)NE Dy (4) %) +0(1) Loss

HHMZM (2.3.19), FATAIAREEE “IHRE S H TG
o, MUY d =2 i, FATATDAE TR

BB 0. v) = /R div () o g

TESER d > 3 I, FATH

Bu(g. 0, = (1= 3) 8 [ div o) (fa(sm;

_2
d

Qv

)+ Buy *fa(Bus )
A LR 2 ot B B AR 0
SIE 2.3.7 QR V e C7, MEATH

| log K (vg) — log Ky (fig)|

< CBX(B)NLE ((|E]er + [Eles) + ElerlElos + (€l l€lez + [ElerElor + [€lz €le2))
(2.3.33)

Hrp ¢ HAKH po 75 supp & B2 C° 174K

HERA FRAE [11] HRy (7.24) % g =0 BPRI152I45E. O

BRI ARG E [4] FRYEH 2.3.6,

3|38 2.3.8 (Gértner-Ellis) %t F—#BUET RY hpypevlig (Z,), H 2,
B o FIRPEBEEER S A (N) £ log E [e@,zm} .
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FAHMER X, AN) £ limy,oo LA, (nX) #RIEFE, FfH A() A9 Fenchel-Legendre
A A () @G RE, MFATA
(a) MHERMILE F, &ATA,

1
lim sup - log pn, (F) < — inf A*(2)

n—00 zeF

(b) MMLEIFE G, FAA,

lim inf 1 log 11, (G) > — inf A*(z)

n—oo n, zelG

25



ROW K ¥ A B ® i X (R )

3 IRERWRETT

WIS (2.2.8)F1(2.2.9) 8 K7, 12
€ :—g*y§+V+t§+;logy§—Cg (3.0.1)
TA1A FrK

N
HX}S(XN) = NQSV%(VE,) + N/ (g * Vé + Vi)d (Z O, — Nl/é) + Fn(Xn, vp)
i=1
N
= N2&V(v}) +N/ logu9+5t (Zé —Nue) + Fn(Xn, vp)

N
= N2 () 4+ Fn (X, V) — Zlog vp(x; —|—N/ £t <Z O, — NV;)

Hor & & XA (L), FHARAF 23, Mgz, RIGHH 0 7%
A(LLT) Ry E S, FA1753]

2
Z) = exp (—AN"IES (1))

X /d exp (—Q/d ecd <Z Og; — NV;) — BN Py (X, Vé)) d(vp)*" (Xn)

i=1

(3.0.2)

M X (1.2.18) ANAE (1.2.19), FATR] AR B RS AL
, N
ZJ‘\/}B = exp ( ﬁNHEEXt(y(’;)) Kn (V) Eqy (vt W (exp ( 9/ erd (Z O, — Nl/}j)))
3.0.3
H—I7mh, A RA (1.2.12), JATA

Zx5 = exp (—=BN'IE) (19)) K (110) (3.0.4)
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AT PAE R (1.2 12)3FAF] (1.1.4) 2 R 5 2K (1.2.20) 155
) E (3.0.3)F1(3.0.4) 18- 2]

BNE SN () ZN s 142 oVig ot v K (11g)
Epy 4 (6 = ) =y = &Xp (—BN (&' (1g) — & (Me))) K (126)
(3.0.5)
Horb pg 25 Vi MR .

SR (2.1 )R (3.0.5), Fel173]

2
Ep, , (etﬁNd =Y, am))

_ BN (e ey o) K

vh) al t
—~Eqyu) | exp —9/ erd Y 6., — Ny
:ut‘)) Rd i=1

(
K (
2 ~ N
N (e ey (u)) Ky (V) Ko () t B / o
e o Vel e KN(~E) KN(MH)EQN(V"’) exp 0 Rd&td 1:21527, NV@
(3.0.6)
Hrp
K (p) = /( o P (—BNT Py (X, p)) dp® (X,) (3.0.7)
R N

i TR e X (1.1.9), AT PATGE) -
4
‘longNﬁ (exp (—tﬁNgFluct(f))) — t2N1+%/BU(£) + tNﬁm(&)’ <> |Error]
i=1

Hrp
[Errory| = BN (&5 (v5) — &) (o) — t [ Edprg — *0(€)]

|Errory| = )log Eqy () (eXp (—9 Jre€rd (Eij\il Oz, — NV@)))‘

Kn (it Ky (v}
|Error3| = |10g Kggﬁg; + tNﬁm(§)| |Err0r4| = | log K]]\\/f((ﬁg)ﬂ

3 2 1 2
o0 = 5o [ 196+ 55 [ L)
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}1/2<€§>10gﬂe % d=2
m(g) =4 F 7

(1—3)/Rd< 5) (FaBmy )+ By faloms D)) %43

PR RIRATE R B OR€, B ¢ 2B N AR, FATAEL X e 524 4
L
3.1 F—INRE

(I3 2310 0 = BNG, i1

3

|Errory| = O (1; /Rd Lo |L(§)|3> =0 (Nfgts)

32 EIINRZE
ghoE | 2.3 2/8 | H 2.3.3, 145
|Errora| < Cy/x( 5Nl+%£d|gt|cl + CONe, |2

< C(B, 5)(1\’1“(152 |§|cz|§|cs+0 (|é’|cz>+|5|cs))JrﬁN(t2 |§Ic2|§|(13+C (I€lc2+1€les))?)

=0 (tQNl") (3.2.1)
Her C (8, 0) UMt 61 £ AL

3.3 FEZIMRE
MR d = 2 B, Dy () & FE (2.3.20) H, W

1

C'0* (log(EN#)) * < Dy() < O (3.3.1)
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1E d > 3 I, FATA

1

C2 (log(EN &) (N30 @2 1 (N3 0)1= 4 (N50)! 725" 7 < Dy(y) < OFF

(3.3.2)
FRATBAEHL
,  2d—2
o' = 49 (3.3.3)
5 R R SR ey, R -
Dy(¥)™' < CL2(Ng) 3 (3.3.4)
JFHARA R ez A, AT AR E) B
max Ry = C (ng) (log Ndé) (3.3.5)
s€[0,C¢2] Ps Ps

gEEEHL 2.3.6 F1(3.3.4) P EYMTTHEA %R (3.3.5), Kl1A:

erors = 0 (1N (s R.) D))

s€[0,Dn (
- O (tN¥logi N) 4d=2
o (tN'aE) Md>3

3.4 SBHMIURZE

FATEREMANG3H2.3.7, 155

|Errory| < CAX(B)NLE (([€lcr + [€les) + €l erléles + L€l €l + [Eler |€les + 1€l c2l€le2))
=0 (Nt2)
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4 TEIEIERA
BT HER ¢ M, Fef1Sem 5.3 ISR (3.3.0), (3.3.4) F1 (3.3.5)HFAF
i

<max ) <w>{O<N§) =

ety O(Nt&) %d>3

X T RIS PRy ¢ 5 25 [ 31236/ 2% F .

41 g d=2

ﬁﬁ]mt— —TN~ 1627 ;Hi“l:lj |T’§TN7 ™~ ﬁ/@ ﬂ:ZIN%OOHTJn TN_>OO§FH
0, AT
t] < 2

) B AT DASRIES |3 2.3.6 il S5l oT
RREE =Rz iy ¢ Bk, W DA EMA TR B RO Aot

|Error;| = O (T}Q{,N"l)

|Errora| = O (T]%,N’2)
|Errors| = O (TNN_% log% N)
|Errory| = O (T]%,N’l)

PR AT 1453 -

exp (—T2g46v(§)) Epy 4 (exp (Tﬁﬁ{Fluct(g) — m(f)})) = exp (() (T,‘*VN—‘*))
(4.1.1)
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MER s € R, & 7= stv, TEMPETFERA 77, FA1455):

A(s) == lim — logEs, , (exp (rys {Fluct(€) — m(€)})

N—oo TN

) 1
= lim — logEp, , (exp{7nsFluct(&)})

N—o0 TN

3 2
= oo [ 19 = (e

)
|

3
() =g | IVeF

FeMTAT ATt A(s) SAROGHRRAL, PRI 5 B2 3 S 4 [l AT 7T DA
# A(s) /) Fenchel-Legendre 25k
2
J(x) = m
R RS 12,38, AT LAEHE] S2Fluct(€) IR R
FESR (LRI T = 12871072, o i REECAGE, » € R, FHE
o, BOHE R PR, K14

on (@) = Epy , (exp (iw{Fluct(§) — m(£)})) (4.1.2)
= exp (2287'0(€) + O (N% logi N)) (4.1.3)

— oxp (-:p?ﬁ—l;’cQ /IR Vel a5 o /R o |L(E)? + O (NH logh N))
(4.1.4)
= exp (-:ﬁﬁli Ve +0 (N7Y) +0 (N Flogi N)) (4.1.5)

2 JRR2
= ¢(z) exp (O (N~% log® N)) (4.1.6)
Hr

— 322
o) = o0 (5o [ 19¢P)
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BT N0, 25 [0 [VEP) WAREREL, T ¢n 42 Fluct(€) — m(S) MR 5
K.
R, BT T 30T A I B OB 1) 6 T IEAS M N (0, 25 [ [VE)
FORRAE PR BB, B, %) R PR — B8 K, T4

sup |pn(z) — o(x)| < |exp (O (N’é log% N)) -1 ~0 (N’é log% N) (4.1.7)

zeK

4.2 HFE d >3

B, FRATERE t = —r N2 al?) Hop 7| < 7w, 7v WE:D 4 N — oo B,

TN — 00 Ml —4— — 0,
N 42 4d

|Errory| = O (T]?{,N_%—g)
[Errora| = O (FAN"7)
|Errors| = (TNN%U%*TZ)

|Errory| = O (TJQVN_%)

PR AT 145 21 -
exp (—726450(5)) ]EIP’N,B (eXp (TN%f%ﬁgQ{Ftht( ) — N-3m (5)})) — exp(O <TNN§TT2*4d))

MMERE s €R, &7 =57y, & 7= s7n, TEMAPRIEIFBRA 77, FAI15F:

A(s) = lim. rllongNﬁ (exp (TNS{Fluct(g) N Em()})) (4.2.1)
—646/ IVEP = s (€ (4.2.2)

y
|

3
()= o5 [ 1v¢
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J(x) = $

FASIE2.5.8, FAIFBETARRE] 2 (Fluct(€) = N'Em(©)) ROKfiEIRAL.
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TELCAL AR SR R, SR ACRE; SRl (S 2 DR s Bk 18 SO 2O
TR B DAL VB e SCA B IR B AR 5 Jafi PhuD. T H RSO SERE A IR
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LI A —A5 Liouville jE FAHMIMZIE: & XTE 27 L, K THA K
HLIF BN A 5 B HOR A R A — i W R A X — R SR s A
x, MEEYLFSER RIS, HaTICH CRRIR A mERKIEE 220K
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