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Abstract

This thesis studies and solves two problems arising in rough volatility models, focusing
on the rough Heston model and the quadratic rough Heston model, which extend
the classical Heston framework in mathematical finance. We provide the necessary
background, motivation, and fundamental properties of these models in Chapter 1.

The first problem is addressed in Chapter 2, where we prove that the weak scheme
introduced in [BB23a| for the rough Heston model achieves a second-order weak conver-
gence rate, thereby establishing a result not proven in the original work. The analysis
is based on the weak Markovian approximation introduced in [BB23c| and relies on
the Talay—Tubaro’s analysis method. We also discuss potential applications of this
second-order scheme.

The second problem is studied in Chapter 3, concerning the derivation of an error
bound for the weak Markovian approximation of the quadratic rough Heston model.
Due to the lack of explicit structural information on the characteristic function, standard
techniques are not applicable, making the analysis significantly more challenging. To
overcome this, we introduce polynomial Volterra processes to describe the volatility and
extend the path-dependent PDE (PPDE) method in [BMM25] and [BJP25] to a broader
class of stochastic Volterra equations by developing the corresponding Malliavin calculus
framework. These results allow the establishment of a path-dependent Feynman—Kac
formula and a functional It6 formula, which are essential ingredients for obtaining the
error bound. We show that this method can be applied on the quadratic rough Heston

model to yield an error bound of the order

T
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An efficient weak scheme for simulating the quadratic rough Heston model is also
proposed in the last of Chapter 3.

Finally, in Chapter 4, numerical experiments are conducted to validate the theoretical
results. In particular, we testify the second-order weak convergence of the proposed
scheme and investigate the weak convergence behavior of numerical methods for the

quadratic rough Heston model.

Keywords: Rough Volatility; Rough Heston Model; Quadratic Rough Heston Model;
Error Bound; Malliavin Calculus; Functional Stochastic Calculus; Polynomial Volterra

Processes; Weak Markovian Approximation



Zusammenfassung

Diese Arbeit untersucht und 16st zwei Probleme, die in Rough-Volatility-Modellen
auftreten, mit Schwerpunkt auf dem Rough-Heston-Modell und dem Quadratic Rough-
Heston-Modell, die das klassische Heston-Modell im Bereich der Finanzmathematik
erweitern. In Kapitel 1 werden die notwendige Hintergrundinformationen, die Motivation
und die grundlegenden Eigenschaften dieser Modelle vorgestellt.

Das erste Problem wird in Kapitel 2 behandelt, in dem gezeigt wird, dass das in
[BB23a| eingefiihrte schwache Schema fiir das Rough-Heston-Modell eine schwache
Konvergenz zweiter Ordnung erreicht und damit ein Ergebnis liefert, das in der ur-
spriinglichen Arbeit nicht bewiesen wurde. Die Analyse basiert auf der in [BB23c|
vorgestellten schwachen Markov-Approximation und stiitzt sich auf die Methode von Ta-
lay—Tubaro. Auferdem werden mogliche Anwendungen dieses Schemas zweiter Ordnung
diskutiert.

Das zweite Problem wird in Kapitel 3 untersucht und betrifft die Herleitung einer
Fehlerabschatzung fiir die schwache Markov-Approximation des Quadratic Rough-
Heston-Modells. Aufgrund fehlender expliziter Strukturdaten der Charakteristikfunk-
tion sind die Standardtechniken nicht anwendbar, was die Analyse erheblich erschwert.
Zur Losung dieses Problems werden polynomiale Volterra-Prozesse zur Beschreibung
der Volatilitét eingefiihrt, und der pfadabhéngige PDE-Ansatz (PPDE) aus [BMM25]
und [BJP25] wird auf eine breitere Klasse stochastischer Volterra-Gleichungen erweitert,
wobei ein entsprechendes Malliavin-Kalkiil-Rahmenwerk entwickelt wird. Diese Ergeb-
nisse ermoglichen die Formulierung der pfadabhéngigen Feynman—Kac-Formel sowie
der funktionalen Ito-Formel, die fiir die Herleitung der Fehlerabschatzung unerlésslich
sind. Es wird gezeigt, dass diese Methode auf das Quadratic Rough-Heston-Modell

angewendet werden kann, um eine Fehlerabschétzung der Gréfsenordnung

T
/0 {118 = BN s oy + 12 = ()2 1 oy e

zu erhalten. Am Ende von Kapitel 3 wird aufserdem ein effizientes schwaches Schema
zur Simulation des Quadratic Rough-Heston-Modells vorgestellt.

Abschliefsend werden in Kapitel 4 numerische Experimente durchgefiihrt, um die the-
oretischen Ergebnisse zu validieren. Insbesondere wird die schwache Konvergenz zweiter
Ordnung des vorgeschlagenen Schemas iiberpriift, und das Verhalten der schwachen
Konvergenz numerischer Methoden fiir das Quadratic Rough-Heston-Modell wird unter-

sucht.

Schliisselworter: Rough Volatility; Rough-Heston-Modell; Quadratic Rough-Heston-
Modell; Fehlerabschatzung; Malliavin-Kalkiil; Funktionales stochastisches Kalkiil; Poly-

nomiale Volterra-Prozesse; Schwache Markov-Approximation
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1. Introduction to the Heston
Models

1.1. Classical Heston Model

The Heston model, first introduced by Steve Heston in 1993 in [Hes93|, is a well-known

option pricing model in financial mathematics. The dynamics are given by

dgt = ‘th (det + v 1— deBt> s g() = So, (11)
AV, = (0 = \V)dt + v\ VidW,, Vo =V, (1.2)

where 6 > 0 is long-term variance level ;A > 0 is mean reversion speed ,v > 0 is
volatility of volatility, p € [—1,1] is the correlation between spot and volatility, and
(B;, W) is a two-dimensional standard Brownian motion.

By the Yamada—Watanabe theorem (see [KS12]), the model admits a unique strong

solution. Moreover, the variance process can be written in the following integral form:
Vu = \Ze”\(”*t) +0 (1 - ef)‘(“*t)) + 1// e”\(“’s)\/ \7; dWs, for any t <wu. (1.3)
t

This model is widely adopted for several compelling reasons. From a statistical
perspective, it is capable of capturing key stylized features of low-frequency asset
price data, including the leverage effect, time-varying volatility, and heavy-tailed return
distributions. From the perspective of option pricing, as a stochastic volatility framework,
it provides a realistic and flexible description of the implied volatility surface.

Moreover, compared with other stochastic volatility models, one of its most attractive
features is its affine structure: the joint process (§ , \7) is affine. As a consequence, the
characteristic function of the log-price admits an explicit representation, as shown in
[Hes93|. In particular, for any u € R,

§t A% B
E (5—0) = exp (g(u, t)+ %h(u,t)) : (1.4)

where h is solution of the Riccati equation

Oph(u,t) = —@ + (tuov — N)h(u,t) + V;h?(u, t), (1.5)
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with boundary condition h(u,0) = 0 and

g(u,t) =0 /Ot h(u, s)ds. (1.6)

1.2. Rough Heston Model

One limitation of the classical Heston model is its inability to capture certain stylized
facts observed in financial markets. For instance, it fails to account for the explosion
of the implied volatility skew, see [ER19]. Moreover, empirical studies suggest that
the paths of the volatility process typically exhibit rougher behavior, see [GJR1S|.
Consequently, attention has shifted to a rough version of the Heston model, which
arises naturally as a suitable framework for price dynamics based on microstructural
considerations and no-arbitrage arguments. This model, introduced in [ER19|, takes

the form

a8, = VViS: (pdWi + /1= 2dB,), Sy = S, (1.7)

¢ ¢
Vi =Vo+/ K(t—s)(Q—/\Vs)ds—k/ K(t — s)vy/VdWs, (1.8)
0 0
where K is the fractional kernel
tH*l/Q [e%s) .
Kt)= — = ~u(d 1.
)= rr — ¢ ). (19
—H-1/2
(dz) = ’ dz (1.10)

I'(H+1/2)r(1/2 - H)’
for all t > 0, with Hurst parameter H € (—1/2,1/2), and I' is the Gamma function.
Setting the Hurst parameter to % recovers the classical Heston model. Rough volatility
models, such as the rough Heston model (1.7)—(1.8), have become a standard framework
for modeling equity markets, as they provide an accurate representation of the observed
market dynamics; see, e.g., [BFF123]. Moreover, they yield remarkable fits to the
implied volatility surface while remaining almost as tractable as the classical Heston
model.

Similar to the classical Heston model, the rough Heston model constitutes a Volterra
affine process, which allows for the quasi—closed-form computation of the characteristic
function of the log-price. This is achieved through a connection between Hawkes
processes and the rough Heston model, as established in [ER19]. We define the

characteristic function of the log-price log(Sr) as

o(z) = E [exp (zlog(S7/S0))] -
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Then ¢ can be explicitly expressed in semi-closed form as

0(2) = exp (/OT F(z,w(T—t,z))g(t)dt), (1.11)

where ¢ is defined by

t tH+1/2
t)y=VW+0 | K(s)ds=Vy+0—i—= 1.12
ol6) = Voot 0 | Kls)ds = Vo4 O (112
and v is the solution to the fractional Riccati equation
t
wit.2) = [ K(t= 9P (s, 2)ds (1.13)
0
with
1, i
F(z,2) = 5(2 —z)—l—(puz—)\)a:—l—?x : (1.14)

1.3. Quadratic Rough Heston Model

Although the rough Heston model provides remarkable fits for most volatility features,
Jean-Philippe Bouchaud raised the following question: Can a rough volatility model
reproduce the so-called Zumbach effect, an empirical phenomenon first identified by
Gilles Zumbach (see [Zum09]) that reflects the lack of time-reversal invariance in
financial time series? To address this question, two formal definitions of the Zumbach

effect have been introduced.

e The weak Zumbach effect (typically considered in the econophysics literature;
see [Zum09]): Past squared returns forecast future integrated volatilities better
than past integrated volatilities forecast future squared returns. This property is
not satisfied in classical stochastic volatility models. However, rough stochastic

volatility models are consistent with the weak Zumbach effect.

e The strong Zumbach effect: Conditional dynamics of volatility with respect to the
past depend not only on the past volatility trajectory but also on the historical
price path; specifically, price trends tend to increase volatility; see [Zum10]. Such
feedback of the historical price path on volatility also occurs on implied volatility
as illustrated in [Zum10]. Rough stochastic volatility models such as the rough

Heston model are not consistent with the strong Zumbach effect, see [ER18|

The quest for a rough volatility model consistent with the strong Zumbach effect,
together with the empirical success of quadratic Hawkes process—based models docu-
mented in [BDB17], led to the development of super-Heston rough volatility models in

[DJR21]. These models extend the rough Heston framework and arise as scaling limits
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of quadratic Hawkes process—based microstructural models, in a manner analogous
to the emergence of the rough Heston model as the continuous-time limit of a linear
Hawkes process—based microstructural model.

The quadratic rough Heston model considered here is a special case of the super-
Heston rough volatility models introduced in [DJR21]. The joint dynamics of the asset

S and its spot variance V are given by
dSt == St‘\/ ‘/tth, (115)

Vi=a(Z; —b)* +c, (1.16)

where W is a Brownian motion, a,b and ¢ some positive constants and Z; follows a
SDE given by

Zt:/o (t—s)o‘lﬁ(Q—Zs)ds—i—/o (t—s)alﬁnﬁsdm, (1.17)

with o € (%, 1), A >0, n > 0. In this special case of a quadratic rough Heston model,
the asset S and its volatility depend on the history of only one Brownian motion W. The
model therefore constitutes a pure feedback framework, in which volatility is entirely
driven by price dynamics, without any additional exogenous source of randomness. In
general, the volatility process need not depend solely on the Brownian motion driving
the asset price S. For the sake of simplicity, however, we will refer to this pure feedback
specification simply as the quadratic rough Heston model.

As in the general case of super-Heston rough volatility models, the quadratic rough
Heston model also exhibits the strong Zumbach effect, since the effect of past returns

on Z cannot be reduced to an influence of past volatility dynamics on Z, see [DJR21].

1.3.1. Parameter Interpretation

As discussed in [GJR20], the parameters a,b and ¢ in the specification
Vi=a(Z, —b)?* +c

can be interpreted in the following way.

e c represents the minimal instantaneous variance. When calibrating the model, we

use c¢ to shift upward or downward the smiles of SPX options.

e b > ( encodes the asymmetry of the feedback effect. Indeed for the same absolute
value of Z, volatility is higher when Z is negative than when it is positive. Such
asymmetry aims at reproducing the empirical behavior of the VIX. From a
calibration viewpoint, the higher b the more SPX options smiles are shifted to
the right.
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e q is the sensitivity of the volatility to the feedback of price returns. The greater
a, the greater the role of feedback in the model and the higher is volatility of

volatility. Consistent with this SPX smiles become more extreme as a increases.

1.3.2. SPX and VIX

Although the rough Heston model provides an excellent fit to the SPX implied volatility
surface, it fails to achieve satisfactory calibration when applied to VIX options. By
definition, the VIX index is a derivative of the SPX index S, and can be represented as

VIX, = \/—2E[log(S;+a/S;)|Fi] x 100,

where A = 30 days and E is the risk-neutral expectation. Consequently, VIX options
are also derivatives of SPX. Finding a model which jointly calibrates the prices of SPX
and VIX options is known to be very challenging, especially for short maturities. As
indicated in |[Guy20]:

The very large negative skew of short-term SPX options, which in classical
continuous SV models implies a very large volatility of volatility, seems

inconsistent with the comparatively low levels of VIX implied volatilities.

As explained in [GJR20|, combining rough volatility and the Zumbach effect can
be key to solving the joint calibration problem with continuous-time models with
continuous sample paths. Along with [RZ22], they showed that the quadratic rough

Heston model enables us to obtain the following with only six parameters:
e VIX smiles in the bid-ask spread,

e a global shape of the implied volatility surface of the SPX that is very well
reproduced, in particular the ATM skew, which can be exactly matched,

e model SPX skews typically of orders —1.5 (shortest maturities) to —1 (longer

maturities) as for market data.

1.3.3. The Volatility Process

We observe that the volatility process V; is a quadratic transformation of process Z;
which can be interpreted as a weighted moving average of past log-returns of the asset

price. Indeed, from [ER18, Lemma A.1], we have

t t
Z :/ Hf“’k(t—s)ds—l—/ oMt — s)ny/VidW, (1.18)
0 0
where f**(t) is the Mittag-Leffler density function defined for ¢ > 0 as

M) = M B, (=A%), (1.19)
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with

n

Eap(z) =) m (1.20)

n>0
is thus path-dependent, representing a weighted average of past returns of the type
typically considered in path-dependent volatility models; see [HR98|. As explained
in [Guy14|, modeling with path-dependent variables provides a natural framework for
capturing the empirical observation that volatility depends on recent price changes.
Consequently, under the quadratic rough Heston dynamics, we obtain a model that
exhibits

e rough volatility,
e cssentially lognormal volatility,
e strong Zumbach effect.

However the kernels used to model this dependency are typically exponential, see for
example [HR98|. Here a crucial idea, motivated by [DJR21], is to use a rough kernel,
more precisely the Mittag-Leffler density function. Thanks to this kernel, the "memory"
of Z decays as a power law and Z is highly sensitive to recent returns since

!

A
a,\ ~ —a—1 A ~
U v smus LI AN Ot s

a—1

This essentially means that long periods of trends or sudden upwards or downwards
moves of the price generate large values for |Z| and so high volatility, in particular when
7 is negative. Finally the choice of f®* as kernel ensures that the volatility process is
rough, with Hurst parameter equal to H = a — 1/2. As shown in [GJR18|, this enables
us to reproduce the behavior of historical volatility time series provided H is taken of
order 0.1.

As discussed above, an immediate implication of the feedback effect is that negative
price trends lead to high volatility levels. Moreover, such trends also affect the instanta-
neous variance of volatility in our model. To see this, consider the classical case with

«a = 1. In that case, an application of [t6’s formula yields, up to a drift term,
AV = 2a(Zy — b)n/ VidW,. (1.21)

Hence, the coefficient governing the “variance of instantaneous variance” is proportional
to a(Z; — b)? which, up to ¢, is equal to the variance of logS. Consequently, when

volatility is high, the volatility of volatility is also high.

1.3.4. Infinite Dimensional Markovian Representation

Although the quadratic rough Heston model is not Markovian in the variables (S, V), it

admits an infinite-dimensional Markovian representation. Following the computations
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in [ER18|, we obtain that for any ¢, t, > 0,
t . )\ t . )\
Zuia = [ =9 G O 0= Zus [ (=9 Vi adWi, (122

with 0, a F;,-measurable function. More precisely, 6, is given by

B (u) = 0+ m /0 Ut — v+ w)1(Zy — Zuy ). (1.23)

i.e., 0;, encodes all the information of Z; over the time interval [0, %,]. Mathematically,
it means 0, € 0(Zs,s < tp).

The equation (1.23) implies that the law of (S;, V;)i>¢, only depends on Sy, and 6y, (+).
In view of [AJLP19], it means that we can express the VIX at time ¢ as a function of 6,
and S;. So we can write the price of any European option with pay-off depending on
SPX and VIX as a function of time, S and 6.
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2. Rough Heston Models

In this chapter, we first introduce the weak Markovian approximation for the rough
Heston model, as proposed in [BB23c|, along with the corresponding weak simulation
method developed in [BB23a]. We then prove that the weak simulation scheme presented
in Section 2.2 achieves a strongly potential second-order weak convergence rate—a
result not established in [BB23a]. After deriving this second-order weak scheme, we

present several applications of the scheme.

2.1. Weak Markovian Approximation

Although the rough Heston model resolves several shortcomings of the classical Heston
model, the singular Volterra-type dynamics governing the volatility process V' in (1.8)
pose substantial challenges for both theoretical analysis and practical tasks such as
simulation and option pricing. In particular, the rough Heston model is neither a
semimartingale nor a Markov process, and the sample paths of V' are only (H — ¢)-
Holder continuous, for all ¢ > 0, where H € (0,1/2) is the Hurst parameter in
(1.9). These features create significant difficulties in both theoretical analysis and the
simulation of sample paths, as well as in option pricing more generally.

Nevertheless, the rough Heston model is an affine Volterra process, as introduced in
[AJCP*24|, and can be analyzed accordingly. This framework implies weak existence
and uniqueness of solutions, as well as a semi-explicit formula for the characteristic
function in terms of a fractional Riccati equation, see (1.11).

One approach to addressing these challenging properties of the model is to employ
Markovian approximations of V. More precisely, we first observe that K satisfies the

following properties.

Proposition 2.1.1. The kernel K s completely monotone, and can thus be written as

1
rE+1 2=

K(t) = / e "u(de), p(de) = cya " Pdx, ey = 2.1)
0

for all t > 0, where I' is the gamma function.

Remark 2.1.2. A notable example is the fractional Brownian motion W#. By applying
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the stochastic Fubini theorem, it can be expressed as

t t e8]
W = / K(t— s)dW, = / / e~ =)y (da)dW,
0 o Jo
o0 t e8]
:/ /e‘x(t_s)dWS,u(dx) ::/ Yi(x)p(dz), (2.2)
o Jo 0

where W is a Brownian motion. Note that Y;(x) is an Ornstein-Uhlenbeck process driven
by W with mean-reversion rate x. it was shown that (Y;(2)),~¢ is an infinite-dimensional
Markov process in [CC98].

The representation (2.2) suggests a natural approach for approximating fractional
Brownian motion by a finite-dimensional Markov process. Specifically, we discretize the
integral over p(dx) in (2.2), yielding an approximation of W# as a linear functional of
a finite-dimensional Ornstein—Uhlenbeck (and thus Markov) process. Moreover, it is
straightforward to see that discretizing the integral in (2.2) is equivalent to discretizing
the integral in (2.1), that is, to approximating K by a discrete sum of exponential

functions K given by
N
KN(t) = Z wie ", (2.3)
i=1

for some non-negative nodes (z;)¥, and non-negative weights (w;) ;.

Besides, using the approximation KV of K, we can define the approximation (S, V)
of (S,V) by

dSN = \JVN SN (det /1o deBt) . Sy =5,

t ¢ (2.4)
VN =1, +/ KNt —s)(0 — AV )ds + / KN(t — s)v\/VNdW.
0 0

We also remark that the solution (S, V%) can also be represented in terms of the
solution (SV, V) to another (N + 1) - dimensional stochastic differential equation by

applying [AJEE19a, Theorem 3.1|, which is given by

dSN = \JVNSN <de/Vt +v1- p2d3t> , S0 = So, (2.5)
AV, = —a, (VD —oiydt + (0 — AN+ VAW, VO =4l (2.6)

for i = 1,..., N, satisfying VN = w - VN, w vy = Vj and V¥ is an N-dimensional
diffusion. This representation will be very useful when deriving the weak simulation
for (SN, V¥) lately. And we can see that for dimension N = 1, it’s just the classical
Heston model.

Given the Markovian approximation (SY, V) of (S, V), in the following two sections,
we will give a error bound for this approximation and the attainable convergence rate

for KV of K by some quadrature rules.
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2.1.1. Error Bound for Markovian Approximation

Assumption 2.1.3. Assume that K are chosen such that
T
eN:/\K@—KWMﬁ%Q
0
and that there exists a constant C' > 0 such that for all t € [0,7] and N > 1, we have
KY(t) <CK(t),  [(KY)(t)| < ClK'(t)]. (2.7)

In fact, the derivation of the error bound for the Markovian approximation relies
heavily on the semi-closed form of the characteristic function of the volatility log S;
because (log S, V;) is a affine Volterra process. Recall the characteristic function of

log S; can be expressed in

(2) = exp < /0 (T -t z))g(t)dt> | (2.8)

where ¢ is defined by

t tH+1/2
t)y=Vo+0 | K(s)ds=Vy+0—i—— 2.9
o) = Vi 0 [ K(s)ds = Vo4 Opcps, 2.9
and v is the solution to the fractional Riccati equation
t
wit2) = [ Klt= 9P 005 2)ds (2.10)
0
with
1, e
F(z,x) = 5(2 —z)—i—(pl/z—)\)x—I—?x : (2.11)

By replacing the kernel K with K and defining g% and 4" as in (2.9) and (2.10),
respectively, we obtain a formula for the characteristic function ¢ of the log-stock
price log(SY) that is analogous to (1.11).

First, we present a local Lipschitz error bound for the characteristic function,

|¢(z) — ¢™(z)|, in terms of ey. The following theorem is taken from [BB23c, Theorem
2.9).

Theorem 2.1.4. Under the Assumption 2.1.3, for all T > 0 there exists a constant Cy
such that for all N > 0 and z = a + bi with a € [0,1] and b € R satisfying

Co(1+b%en <1, (2.12)

we have
!gp(z) — gpN(z)| < 6Cop(a)(1+b%)ey. (2.13)

Remark 2.1.5. We see that the Markovian approximations ¢ converge weakly at the

same speed as ey.

M.Sc. Thesis, TU Berlin, Institute for Mathematics, 2026 10



Yang, Runzhe On the Rough and the Quadratic Rough Heston Model

And this result can be extended to the weak error in log(S7). To prove it, we apply
the Fourier method for option pricing. We first introduce some notations and definitions

related to the Fourier transform.

Definition 2.1.6. Given a function f : R — R, we denote its generalized Fourier

transform by
f(z) = / e f(x)dx
R
for all z € C for which the above integral is well-defined.

Definition 2.1.7. For R € R, we define the damped function
fr(z) = e f(z).
Define the sets
:{ReR:fReLgm, ?;ey}, J={ReR: p(R) <o},  (2.14)
where L{_. denotes the set of L'-functions that are bounded and continuous.

Remark 2.1.8. Note that [0, 1] C J. Besides, for each R € ZN J, we have the Fourier

pricing formula

Ef(Xy) = ;ﬂ / SR — iw) flu+ iR)du, (2.15)

in [EGP10, Theorem 2.2].

Using formula (2.15), we can establish [BB23c, Theorem 2.7], which is stated as
follows.

Theorem 2.1.9. Let f : R — R be a payoff function of the log-stock price, and let
a € ZN[0,1] # 0. Assume that there are C1,0 > 0 such that

\f(bﬂ'a) < Oy (1 + [p])~ (9. (2.16)

Then there exist constants 5, e > 0 independent of f,C4,0, such that if eny < e then,
for d #6,

O e e

For § =6, we get
}Ef(XT) — Ef(XIJY)‘ < CCylog(ey')en

Remark 2.1.10. The proof of Theorem 2.1.9 relies solely on Theorem 2.1.4 and does

not require any additional properties of the rough Heston model.

We also present a special case of Theorem 2.1.9, which is straightforward to apply.
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Corollary 2.1.11. Let h € C%(R,;R). Then there is C > 0 such that
|EA(St) — ER(S7)| < Cey. (2.17)

Remark 2.1.12. L'-error in K performs very welll, whereas the L2-error converges
very slowly for small Hurst parameters 1/2 > H > 0, as discussed in [AK21]. However,
the approach in [AK21] is not applicable in our model because /z is not Lipschitz.
Since K (t) ~ t#71/2) the singularity at t = 0 of K(t)? ~ t*~! is barely integrable,
leading to slow convergence rates. If using Gaussian quadrature rules to get KV,

[BB23b] shows one can achieve a convergence rate

(/OT}K(t)—KN(t)|2dt)

It is evident that this rate becomes very slow for small H =~ 0. And the method is not
applicable in the hyper-rough case —1/2 < H < 0, see [JR20].

1/2

—-1/2

2.1.2. Convergence Rate for KV

In [BB23c|, the authors improve upon the geometric Gaussian quadrature method
of [BB23b| by choosing non-geometrically spaced intervals [¢;,&;41] to construct an

approximate kernel KV, such that

ey = /OT{K(t) — KN ()| dt

will converge rapidly for N — oo.

The definition of this quadrature rule in [BB23c]| is given as follows.

Definition 2.1.13 (Non-geometric Gaussian rules). Let N € N be the total number

of nodes and 3, a, ¢ € (0,00) be parameters of the scheme not depending on N, where
c > 1. We define

m::rd<ﬁ\/(1/2+H)N>, n = rd (%1/1/2%>7

1/24H \ 2
=0, &=a, &= % & i=1,...,n—1, (2.19)
c—=& ™
where rd : R — N is the function rounding to the nearest positive integer. Here, we
assume that 5;/227;}[ < cforalli=1,...,n—1, which is true if we choose c large enough.

Define (z;)", to be the nodes and (w;), to be the weights of Gaussian quadrature of

—H—-1/2

level m on the interval [0, &;] with the weight function w(z) = cyx . Furthermore,

let (z;) ., be the nodes and (w;)™% .| be the weights of Gaussian quadrature of level
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m on to the intervals [§;, &) for i = 1,...,n — 1 with the weight function w(z) = 1.
Then we define the non-geometric Gaussian rule of type (H, N, ¢, 3, a) to be the set of
nodes (x;)™" with weights (w;)"" defined by

’IIJ/Z', 1fz:1,,m,

it T2 1
HW; T, , else.

w; =

Remark 2.1.14. (i) Non-geometric Gaussian rules have three free parameters: 3, a, c

which can be interpreted as in [BB23c|.

— The parameter ¢ determines the cutoff point &, of the interval in (2.1), similar
to the parameter o in geometric Gaussian rules. It is hence mainly used to

control the error on [, 00).

— The parameter [ determines the degree of the Gaussian quadrature rule,
similar to the parameter 5 in geometric Gaussian rules. It is hence mainly

used to control the error on [£1,&,].

— The parameter a determines the size of the interval [0,a], which is again
special due to the singularity in the weight function w. Similarly to the
parameter a in geometric Gaussian rules, it is mainly used to control the

error on [0, &].

.. : ” .
(ii) The reason for the specific definition of &1 in (2.19) can be seen in the proof of
[BB23c, Lemma 3.13].

[BB23c, Theorem 3.16] provides the error bound for non-geometric Gaussian rules,

given in the following.

Theorem 2.1.15. Define the constants By = 0.92993273, and ¢y = 3.60585021. Let
K" be a Gaussian approximation coming from a non-geometric Gaussian rule with
parameters ¢ > co, B > Py, and a > 0, where ¢ > ¢o or § > [y. Then,

T
/0 ‘K(t) - KN(t)} dt < ﬁHI/Qggl/Q—H

— O(exp (—@M(H . 1/2)N) ).

In the first inequality, the higher order terms explode as (¢, B) — (co, Bo), and in the
second inequality, the leading constant explodes for the same limit. Furthermore, we

Ml 50) _ 5 3853845446404978.

Bo
Remark 2.1.16. Basically, throughout the proof of Theorem 2.1.15, the authors make

heavy use of the representation of K in terms of its inverse Laplace transform, i.e.,
tH-1e /Oo —at —H-1/2 1

—— =c e 'x x, cg=

T(H+1/2) "), T T(H +1/2)0(1/2 - H)

to obtain the estimation.

have

K(t) = (2.20)
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2.2. Weak Scheme for the rough Heston Model

In this section, we first introduce the weak scheme for simulating the volatility process
V.V, obtained in [BB23a]. And then we prove this scheme actually achieves (strongly
potential) second-order weak convergence rate which was not established and but
conjectured in [BB23a, Section 2.2].

2.2.1. Weak Scheme for the Volatility V'

Note that the volatility process V;V of the Markovian approximation (2.5)-(2.6) does
not depend on the stock price SV. So we can first try to simulate the volatility process

V. Recall the SDE for weak Markovian approximation V;" of the volatility process is
AV = —a, (VY —o)dt 4+ (0 = \VNYdt + v/ VAW, VD =), i=1,... N,

where w = (w;)¥, is the vector of weights, vy = (v)Y, is any initial condition with
w -vYy = %, VN = (V(Z))i\ih and ‘/;N = w - ‘/tN

Write the SDEs into vector form, we obtain

dV;¥ = —diag(z) (VN —vo) dt + (0 — Aw ' V,V) 1dt + v/ w VV1dW,.  (2.21)

The authors used the idea in [LM20] to get a weak scheme for it, which studied weak
approximations using discrete-valued random variables of the CIR process, and showed
that their approximations converge weakly with second order. Because the dynamics of
VN are quite similar in nature to the dynamics of the CIR process and actually when
N =1, we obtain the CIR process.

We split the SDE (2.21) into two parts. We denote by D(z,h) = Z;, == (Z} )X, the
solution at time A of the ODE

Az} = —diag(z) (Z —vo) dt + (6 — Mw " Z}Y) 1dt,
and by S(y,h) =Y, = (Y}})¥, the solution at time h of the SDE

dY;N = v\ /wTY,N1dW,. (2.22)

We remark that the SDE is split into two parts mainly to overcome the effect of mean
reversion in the deterministic component, which would otherwise lead to a stiffness
issue when approximating the solution of the SDE (2.21).

Next, we give schemes D and S for approximating D and S, respectively. First, note

that D satisfies a linear ODE and can hence be solved exactly. The solution is given by

D(z,h) = Z), = ez + A7 (e — 1d)b,
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where
A= -Mw" — diag(z), and b:= 01+ diag(x)vy,

and we denote 1 == (1,...,1)T € RY, Id € RV*¥ the identity matrix, and diag(z) €

RN*N s the diagonal matrix with entries . Therefore, we can simply set ﬁ(z, h) =

D(z,h).
Next, we provide a scheme S for approximating S. Define w := 17w. The strategy
is to consider the inner product of the SDE (2.22) with w to get the SDE

qY, = v /Y, dW,, Yo=w-y.

This is exactly the SDE studied in [LM20], with z :== w - y and z = v*w?h. Likewise,
we perform moment matching for Y}, to obtain a three-valued approximation, which

leads to the following second-order scheme. Define the quantities

3
my =z, my = 2* + x2, ms = o + 32%2 + §x22,
mi1xoxs — TTLQ(]?Q + Ig) —+ ms
131(373 - xl)(@ - 371)
mir1T3 — mao(w1 + x3) + My
b2 = )
Ig(l’g — JIQ)([El — .172)
ps = mix1To — mg(ﬂfl + $2) + ms
s $3(l’1 — l‘g)(ﬂ?g - [L’3) ’ (223)

r1=x+ Az —/(3z + A%2) 2,

3
x2:x+(A—Z) z,
r3=x+ Az + /(3z + A%2) 2,

A= 6*4\/5.

p1 =

Y

We define }Afh to be the random variable which is z; with probability p;, ¢ = 1,2,3. We
remark that for i = 1,2,3, m’ = EY} and x; > 0, and that the z; and p; are chosen
such that p; + ps +p3 =1 and E}?hk =EYFfork=1,...,5.

Now we can get the scheme for the entire process Y. Fortunately, we can easily
reconstruct an approximation Y from Y. Indeed, we note that each component of the
right-hand side of SDE (2.22) is identical for all i = 1,..., N. Hence, the solution of
(2.22) should be of the form

Yi=y"+Q, i=1,...,N, (2.24)
for some scalar random variable (). Taking the inner product of (2.24) with w, we get

Y, —w -
Yy =w- -y +w@, implying Q:hTwy.
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Hence, we set

}A/h—'w-y

S(y.h) =Y, =y+ (2.25)

Finally, we combine the schemes for drift and diffusion by Strang splitting, and get

Aw,h) =D (§ (5 (v, g) ,h) g) (2.26)

for approximating V}, given wv.
Therefore, we get a simulation algorithm

‘/tN’M = A\(‘/tjv7M7tj+1 —tj), ] :0,...,M— ]_,

Jj+1

where 0 = t5 < t; < -+ < t)y = T. But we should also notice that the scheme
may not be well-defined because the occurrence of square roots in (2.23), as [BB23a,
Section 2.2| pointed out. To resolve this problem, the authors of [BB23a] replace V'
by V*t :=max(V,0) or |V|. While recently, [AJBB24, Theorem 3.1] asserted that the

scheme is truly well-defined and V'™ will even stay in a cone domain of the half-space

w -V >0 as long as w - vy stay non-negative, or more precisely w - D ('vo, tl;to) > 0.

2.2.2. Analysis of Weak Error

In this subsection, we will introduce the Talay and Tubaro’s method on analyzing the
weak error, basically following [Tal86].

We consider a dy-dimensional standard Brownian motion (W;);>o and denote by
(Fi)e>o its augmented filtration satisfying the usual conditions. Let d € N, and D C R?

be a domain, assumed for simplicity to be a product of d intervals.

Notations. For any multi-index a = (o, ..., aq) € N¢, define 9% = 9y* - -- 97 and
la| = Zld:l a;. And Mgya,, (R) denotes the space of d X dy matrices on R. Next we

introduce the following space
pol

% (D) = {f € C°(D,R) | Vo € N%, 3C, > 0, e, € N*,

vz eD, |0°f(x)| < Coll + ||a:||e°‘)},

where | - || is a norm in R%. And we denote C52(D, R) the set of the C*° real valued
functions with a compact support in . We say that (C,, €4 )aecnd is a good sequence for
f if the above bound holds.

We will write g(z, h) = O(h™) if, for some C > 0, k € N, and hy > 0,

lg(z,h)] < C(1+ |z[*)h", >0, 0 < h < hy.
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For k € N, we denote by C*(R xR, ) the space of continuous functions f : RxR, — R

such that the partial derivatives 8;‘85 f(z,y) exist and are continuous with respect to
(x,y) for all (o, B) € N? such that o+ 28 < k. We then define for L € N,

fr(z,y) = (1+2* +4°"), s e Ry e Ry, (2.27)

and introduce

cﬁj(R xRy)={f € C*R xR,)|3C > 0 such that V(a, ) € N?,a + 25 < F,
0005 f(z,y)| < Cfp(z,y)}, (2.28)

the space of continuously differentiable functions up to order k with derivatives with
polynomial growth of order 2L. Note that we assume twice less differentiability on the

y component. Furthermore, we set

Ck (R X Ry) = UrenCoH (R x Ry) and C2(R x Ry) = MpenCiy (R x Ry).

pol pol pol p

Last, we endow C];(’f (R x Ry ) with the following norm

9207
Ifllke= > sup 1020, 7.y)l (2.29)

a+28<k (z,y)ERXR 4 fL(x7 y)

Assumptions. Assume that b: D — R? and ¢ : D — Myyq,, (R) are such that, for
1 <i,j <d, the functions x — b;(z) and z — (o0 "); ;(x) belong to C(ID).
Then for x € D, we consider the SDE

t t
Xf:x+/ b(X7) ds+/ o(XE)YdW,, t>0. (2.30)
0 0

We assume that this SDE admits a unique weak solution staying in D, i.e. P(Vt >
0, X7 € D) = 1, so that it satisfies the strong Markov property. The infinitesimal

generator associated with the SDE is

d

Lf(x)= Z bi(2)0; f(x) + % Z oik(2)oj k()0 f(2). (2.31)

i=1 ij=1 k=1

We remark here that we see if f € C23(ID), then L f € C23(ID) for any k € N. So L is

a linear operator on space Cpg)(DD).

Definition 2.2.1. We say that the operator L satisfies the required assumptions on ID

if it is given by (2.31) for some b and o satisfying all assumptions above.

Now, let us turn to the definition of discretization schemes for the SDE (2.30). Let
us fix a time horizon 7" > 0. We will consider in the whole subsection the time interval

[0,T] and the regular time discretization ¢ = iT'/n for i = 0,1,...,n.
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Definition 2.2.2. A family of transition probabilities (p,(t)(dz),t > 0,z € D) on D is
such that p,(t) is a probability law on D for t > 0 and z € D.
A discretization scheme with transition probabilities (p,(t)(dz),t > 0,z € D) is a

sequence ()?t’h, 0 <i < n) of D-valued random variables such that
e for 0 <i<n, )?t’fz is a ft?—measurable random variable on I,

e the law of )A(gz is given by E[f(X" D Fel = Jo f( an (T'/n)(dz) and thus

only depends on Xﬁ_l and T'/n.

For convenience, we will denote, for t > 0 and =z € D, )?f a random variable
distributed according to the probability law p,(t)(dz) since the law of a discretization
scheme ()?,2%, 0 < i < n) is entirely determined by its initial value and its transition
probabilities by the definition. And note that the initial value is quite always taken
equal to the initial value of the SDE, we will identify with a slight abuse of language
the scheme ()/ft’%, 0 < < n) with its transition probabilities (7 (¢)(dz) or X).

Definition 2.2.3. Let € . A discretization scheme (X%,0 < i < n) is a weak
v-th-order scheme for the SDE (X7t € [0,T) if

Vf e C2(D,R), 3K > 0,

E(f(X7)) - E(f(Xfy))| < K/n".
The quantity E(f(X%F)) — ]E(f()?t"g)) is called the weak error associated to f.

Definition 2.2.4. A discretization scheme (X[, 0 < i < n) has uniformly bounded

moments if one has

Jng € N*, Vg € N*, sup E[H)?ZLH‘I] < 00

n>no, 0<i<n

The proofs of most of the propositions or theorems in what follows are deferred to
Appendix A.1.

Proposition 2.2.5. Let us suppose that there is n > 0 such that for t € (0,7n),
Vg e N*, 3C, > 0,Vz e D, E[||X7]|7] < ||lz]|9(1 + Cyt) + Cyt. (2.32)
Then, the discretization scheme has uniformly bounded moments.

Definition 2.2.6. Let us consider a mapping f € C55(D) — Rf such that Rf :
Ry x D — R. Tt is a remainder of order v € N if for any function f € C55(D),

vVt € (0,m), Ve € D, |Rf(t,x)| = O(t").
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Definition 2.2.7. For any scheme (p,(t)(dz), t > 0, x € D) we define

~

vie o™, B f@) =EfRD] - |7+ 3 @)
k=1

as soon as E[|f()A(f)H < 0.
We will say that p,(t)(dz) is a potential weak v-th-order scheme for the operator L if
Rﬁ(ﬁ f(x) is defined for f € C55 (D) and ¢ > 0, and is a remainder of order v + 1.

Remark 2.2.8. Iterating the Dynkin’s formula Ef(X},,) = f(z) + foh ELf(X},,)ds,

we have

v k. T
BS(X7) = 1) + 3 L

h 51 Sv
N / / . / EL*F(XE ) dsyss -+ - dsadsi,
0 0 0

which motivates the Definition 2.2.7 above.

Proposition 2.2.9. Letb: D — R? and o : D — Mgy a,, (R) such that ||b(x)||+]|o(z)]] <
C(1+ ||z||) for some C > 0, and assume that the associated operator L satisfies the
required assumption on ID. Then, for any v € N, the exact scheme is a potential weak

vth-order scheme for L.

We introduce |Tal86, Theorem 1.9] as follows, which establishes the link between a

weak v-th order scheme and a potential weak v-th order scheme.

Theorem 2.2.10 (Talay-Tubaro). Let us consider an operator L that satisfies the
required assumptions on D and a discretization scheme ()?t’j, 0 <i < n) with transition
probabilities pp(t)(dz) on D that starts from )A(Zf) =xeD. If

(i) the scheme has uniformly bounded moments and is a potential weak vth-order

discretization scheme for the operator L.

(i) f:D — R is a function such that u(t,x) = E [f(X{")] is defined on [0,T] x D,
C>, solves Vt € [0,T],Vz € D, dyu(t,x) = —Lu(t, x), and satisfies:

VieN,a € N30, e10 > 0,Vr € D, t € [0,7T], lﬁgaiu(t, 2)| < Cro (L4 |z]).
Then, there exist K > 0 and ny € N such that !E[f()?&)] —E[f(X§)]| < K/n” for
alln > ng and f € Co5(D).

Remark 2.2.11. (i) When D = R4, if the diffusion coefficients b and o are both
smooth with bound derivatives, then the condition (ii) will hold automatically,
which is shown in [Tal86].
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(ii) We say that a potential vth-order weak approximation is a strongly potential
vth-order weak approximation if it has uniformly bounded moments, i.e., condition
(i) holds. Typically, a strongly potential vth-order discretization is a vth-order

weak approximation, at least, we do not know any counterexample.

Definition 2.2.12. Let us consider two transition probabilities pL(¢)(dz) and p2(¢)(dz)
on D. Then, we define the composition p?(ts) o pi(t;)(dz) simply as
P(ta) 0 (01)(d2) = [ B3(t2)(d2)BL(01) ().
D

This amounts to first use the scheme 1 with a time step ¢; and then the scheme 2

v,z
. . . . 39201 o2, X
with a time step t, with independent samples. We name X" = X, " a random

variable with the law p?(ty) o p.(¢1)(dz). More generally, if one has m transition
probabilities pl,...,p™ on D, we define p™(t,,) o - - - o p(t1)(dz) as the composition of
P Htmo1) 0+ - 0 DL(t)(dz) and then p™(t,,).

Remark 2.2.13. The criterion (2.32) that ensures the uniform boundedness of the
moments is easy to use with the scheme composition. Indeed, let us fix A\, Ay > 0.
One checks easily that if pl(¢)(dz) and p2(t)(dz) satisfy (2.32), then p*(\t) o pL(At)(dz)

satisfies also (2.32) and has thus uniformly bounded moments.

Proposition 2.2.14. Let Ly and Lo be two operators that satisfy the required as-
sumptions on D, and assume that pL(t)(dz) and p2(t)(dz) are respectively potential

weak v-th-order discretization schemes on D for these operators. Then, for Ay, As > 0,
P*(Aat) o pr(Ait)(dz) is such that for f € Cpo(DD),
> A -
ELAS5R0) = D0 L L f(@) + PO 00 g2

175!
L [1115!

where RP*C20°0' D) £ (1) s o remainder of order v+ 1.

Corollary 2.2.15. If LiLy = LoLy, then p*(t) o pL(t) is a potential weak v-th order
scheme for Ly + Ls.

The following theorem, taken from [Alf10b, Theorem 1.17], states that the composition

of several potential second-order schemes remains potential second order.

Theorem 2.2.16. Let Ly,...,L,, be m operators that satisfy the required assumption

on D. Let us consider p., ..., p™ m potential second order discretization schemes on D
for the operators Ly, ..., L,,. Then, the transition probabilities

Pr(t/2) 00 P(t/2) 0Pl (t) 0 P (t/2) 0 -+ 0 P(2/2) (2.33)
and

1”‘m .02 Pl Pl 2 .. .op™ 2.34

5 (B (8 0o (8) o Py(t) + 5 () o P (t) o+ 0 P(1)) (2.34)

are potential second order discretization schemes for the operator XL = Ly+ Lo+ -+ L,,.
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2.2.3. Proof of Second Order Weak Rate

Let D = RY, m = 2. Since we apply the splitting method (2.33) in Theorem 2.2.16
to construct the scheme A, and D is the exact scheme, which can attain arbitrary
potential weak order by Proposition 2.2.9, it suffices to show that S is indeed a potential
second-order weak scheme and that the scheme A has uniformly bounded moments.

We begin by deriving the generator of the SDE

dY,N = vy /wTY,N 1 dW,. (2.35)

Apply It6’s formula on f(Y;Y) for f € C*(RY), we obtain

E(f(,Y) = fly)+E|D + = E

/ aif(YN)dY!

Z/ V2w YN 9,0,f(YN)d ]

So we can define the generator L for YV by

/aaf (Y)Y d(Y', Y7,

f(+E

2
_r T
Lf(x) = o) Z(w x)0;0; f ().
1,7
Thus, we have

L*f(z) = V:[Z(w )2 0:0,0:0; f () + 2> W(w' 2)0,0,0; f ().

,7,k,l 1,7,

Apply Taylor expansion formula on f (YN ) for f € COO(RN ), recall that all Y share

the same stochastic part, i.e. Y’ —yl = Q where Q Yimwy e have

E(f(Y,Y +Z Tl | Ql*hor f Z Z/ 8;0° f (y)E(Q%)dy, (2.36)

| <5 |a\ 5 i

= ZZ/ 0;0“ f Q5 )dy < — ol ZZE sup |0;0°f (y)|@6).

la|=5 i laj=5 i y'<y<yy

Recall Q also satisfies the equations below from [LM20]
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E(Q) = 0<t3>,

BQY) - o,
~q 3362 3
E(@) = 5— +0(t),
E(Q) = 336 "o, (2:37)

E(Q%) = O(t ),
SOSE|[ sw [0.0°(9)] Q)

la|=5 i Y <y<Yy
=O(t*).

Next we check whether the first two order terms of the residual R§ f(y) for feC
can be erased so that it will have local third order, where RS f(y) is defined by

pol

RS 1) = E(F(EY) — [f(y) + L) + 5 L )]

Insert the Taylor expansion (2.36) to the definition of R:ﬂ? f, we have
RS f(y) Zaa f(y ( E(Q?) - %azt)

1 ~a vt 2
+Y " 0:0;0f(y) <§ (@) = 2wz 5)

0.4,
+ 3 0000 (EQ) -5 -5 0)
b 4! 4 2
+0(°) = 0(F),
where the last equation follows from the equations (2.37) for moments of @ So we
truly have local potential third order weak rate.

We can further extend this result to a more general model, which is stated in the

following lemma.

Lemma 2.2.17. Consider the Y is obtained by the same way as in (2.25), which is a

weak scheme for the solution of a more general SDE

N _ / N ‘1}
t ) '

where o : R — R2 is a C? function. And we assume Y in the equation (2.25) is a

potential second order approxzimation for the projected SDE

dY; = n\/o(Y,) 1 dW,, (2.39)

where Yy = w' - Y,V.

Then we have Y is a scheme of potential second order convergence rate for Y.
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Proof. Recall the scheme Y is obtained by the following strategy: we consider the inner
product of the SDE (2.38) with w to get (2.39). So the generator L for the SDE (2.39)

1S

with

Since Y is our potentially second order approximation starting at y = w - y, it should
satisfy: for f € Cg,

Rof () = B(F(T)) — [7) + WA () + 512 F )] = O,
By Taylor expansion of f (}A/h) at y, we have
f//(y) ~

Ry () = BT — ) + T T — ) — (@0)ho(y) — (on)Ha()o” ()
+ T g5, ) — s 120 (ot
+ L2, — )] — () 2% )
(5) ~
+ W9, ) 4.,
' (2.40)
where
() = EL[ 1O )T s)ds] < B max [79(5)|(Fh - o)
So Y should satisfy
BV ) = O(H)
E[(Yy — y)*] = (@n)*ho(y) + 7 (@n)*1*a(y)o" (y) + O(h?),
E((Th — )] = 3(on) W20’ (y)oly) + O(1?), (2.41)
E[(T: — y)'] = 6(wn) W0 (y) + O(1?),
E[(Y. — )] = O(h?),
E[(Ti — y)%) = O(1?).

Recall the definition of }/}, which is given by

_ 7w,
Y3:y+hfy-

w
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Let y = w -y, we go back to the SDE (2.38) which has generator L defined by
2

Lity) = L5 o(y)0:0; f(y)

2 v
with
4
L2f(y) Z%[Z 2()0,0;0000f (y) + 2y W (y)o' (4)0:0,0f (y)
ikl i-jk (2.42)

Zwa (1)0:0; (y)].

Therefore, we only need to check Y will satisfy

Rof(4) == B(/(%) ~ [(w) + hLF () + o L2F(w)] = O(h).

By Taylor expansion, it’s equivalent with

2 4

Rof(y Z 90,/ (y (% E(@) ~ Tholy) - nszhQa(y)a"(y))

+ Y 00,00) (55@) - Lot w)

ijl (2.43)
+ X a0 (3 EQ) - Tt
+O(R?) = O(h?),
where @ = @ satisfying
E(Q) = O(1"),
EIQ)] = rholy) + 3070 ()o"(y) + O(H?),
E[(Q)] = 3un* o' (y)o(y) + OU), (.44
E[(@)"] = 6710 (y) + O(H),
E[(Q)] = O(h?),
E(Q)] = O0F%).

It’s easy to see we get the conclusion after inserting (2.44) to the equation (2.43). O

For the part of proving A has uniform bounded moments: for any p > 1, we repeatedly
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use ¢,-inequality and Minkovski’s inequality

| =

swmw&ummzswmwﬂ?(ﬁ@,)m)h4%?—mwm
0<h<T 0<h<T

~f ~ h
&wwwwpmwﬁ( ) )u .

0<h<LT
3

A( ﬁ)
< CpTwa N SUD 5 x 2P
»,T, N 0<hs || || (2 5)

" =~ h
+ Cp,T,w,x,N sSup ||D v, 5 ||P + C;),T,w,m,N
0<h<T 2

~ h
S Cp,Towx,N SUp Hw D ('U, 5) Hp pTw:):N
0<h<T

S CP7T,U),UU7NHUHP + C;J,T,w,x,N < Q.

wD(0,4)

Here, z; denotes that the choice of x; in the moment-matching depends on the

quantity w - D (v, %) These inequalities hold because each Yi= Y+ @ shares the
same random component
W ”
w

Q_

where }//\'t is a three-valued random variable taking values such that

i < cw(la] + 1),

for i = 1,2, 3, which follows from the AM-GM inequality.

Finally, we show that the scheme A has uniformly bounded moments. Alternatively,
note that D satisfies the criterion in Proposition 2.2.5. By adapting the argument in the
last paragraph of the proof of [LM20, Theorem 2|, one can verify that S also satisfies the
criterion in Proposition 2.2.5. Therefore, by Remark 2.2.13, the composition scheme A
has uniformly bounded moments. Consequently, Aisa strongly potential second-order
scheme.

However, to rigorously establish that the scheme A achieves second-order weak
convergence, it is still necessary to prove that the rough Heston model admits polynomial
estimates for the corresponding Cauchy problem (see item (ii) of Theorem 2.2.10). This
is a highly challenging task. Although such estimates can be obtained for the classical log-
Heston model (see [BCT21]), the proof strategy involves first deriving a representation
formula for the derivatives 020;u and then estimating this formula to verify that the
derivatives of u indeed satisfy polynomial growth conditions.

We remark that in Chapter 4, we will investigate whether the numerical scheme A

exhibits the expected second-order weak convergence in practice.
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2.2.4. Weak Scheme for the Stock Price S

Having constructed the scheme A for simulating the Markovian approximations V¥, we
now turn to deriving a scheme for simulating the stock price S. The main challenge is
that the Brownian motion driving the stock price is correlated with the Brownian motion
driving the volatility, whereas the scheme A does not require simulating increments of
W. To address this, we introduce the weak scheme proposed in [BB23al, which follows
the strategy of [Alf10a] to construct an appropriate scheme for S.

Define the processes
t
Y;’:/ Vidt, i=1,...,N.
0

And note that the solution S to the SDE (2.5) is given by

t t
Sy = Spexp (/ VvV VN <de5 + /1= deBS> - %/ VsNds) ,
0 0

where the latter term in the exponent is precisely —w' - Y /2. So we can surmise the
weak scheme S for the stock price S may depend on both VN and Y.
Now, the SDE S*Heston((s 4 ), h) is given by

dS, = \/ VNS, <det + /1 deBt> L Sy=s,
AV = —x;(Vi —v)dt + (0 — A\VN)dt + vy /VNdW,,  Vi=,
dy; =Vidt, Yy =1y,

fori =1,...,N, where VN =w' - V;N. It can again be split into two parts, namely
the SDE S ((s,v,y), h) given by

dS; = \/ VNS, pdW;, Sy = s,
AV = —x;(Vi — vp)dt + (0 — A\V;N)dt + vy / VN dW, V=",
dYy =Vidt, Yy =4y,
and the SDE SB((s,v,y),h) given by
dS, = \/VNS\/1 = p2dB,, Sy =s,
vl =0,  V/ =1
dY} =0, Yy =1y

The SDE S can be solved explicitly. Indeed, since the volatility V'V is constant,
this is essentially the Black-Scholes model. The solution is given by

1
Sp = sexp (\/5\/ 1—p2B), — 5@(1 — p2)h> ,
V;zN =0,

Y.=y.
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For the SDE SW, we first approximate ‘A/'hN = fAl(v, h). Then we approximate Y
using the trapezoidal rule, i.e. ¥}, ==y + (v + V,)h/2. We want to express S, in terms
of V} and Y),. We make the Ansatz

N N
S, = sexp (at B A ) R i vg‘>) . (2.46)

=1 i=1

Using the It6 formula, we get

N N N
dSt = St adt + E bldY;Z + g Cz‘d‘/tl + 5 E Cide[V’L, V]]t
i=1 =1

ij=1
N N
<a + Z ciasivé +6 Z Ci) dt
i=1 i=1
N N 1 N N
+ Z (bi — CT; — Aw; Z cj + §u2wi Z cjck> Vidt + v Z ci\/vtth
i=1 j=1 i=1

jk=1

To retain the SDE SW, we thus require that

N N
a—l—E cmwé%—é’% c; =0,
=1 =1
N N

1 4
b; — c;x; — Aw; cj+§yzwi g cicp = 0, 1=1,...,N,
j=1 jk=1

N
v E c; = p.
i=1

This is achieved with

N N
a=— E cirivg — 0 E i,
i=1 =1
N 1 N
2 .
bi:cixi—i-/\wig cj—gyw,- E CjChs 1=1,...,N,
=1 Jk=1
N
doe="
Ci = —.
: v
=1

Note that the last equation has many solutions. We want to choose the (¢;) to be
such that the representation (3.151) becomes as numerically stable as possible. In the
paper [BB23a], the authors tested several different choices of (¢;), and got a relatively
good choice for (¢;) and identified a relatively effective one — particularly for larger

mean-reversions x, which are given by

a=2 " a=0, i=2..N (2.47)
14
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This further yields

1
a=— (xlvé + 0) g, b; = §I15z‘,1 + Awig — §wip2.

Therefore, we get the solution
S = sexp (S( — (2105 + 0) t + 21 (Y, = YY)

+ (= go) im0 - ) )

where Y, =w Y.
Hence, we may solve the SDE SW approximately with the algorithm W given by

~

V¥ = A(w,h),
S ~ h
§Z‘/:sexp (g(— (xlv(l)—l—é?)hjol(}Afhl—Yol)
1 ~ .
+ (A= 5o) G-+ @),

So we solved the SDEs S? and S" separately, and now want to combine them again
using some splitting scheme. While the algorithm for S® is exact, the algorithm for
SY is of second order, since Alis (strongly potential) second order scheme as proved in
the Section 2.2.3, and Y is computed using the trapezoidal rule. Hence, we would like
to use one splitting scheme that is also of second order, one can see the article [MQO02]
which contains a lot of splitting schemes. While in [BB23al, the authors show that a
splitting scheme called the randomized Leapfrog splitting performs relatively better.

This splitting scheme is given by

S (SB((s,v,y), h), h), ifU <1

§rHest0n((S, v, y>7 h) — N
SB(SW((S)’U7y))h>7h)a elsea

where U is a uniform random variable on [0, 1] independent of everything else.
Finally we have a (strongly potential) second order weak scheme for (S, V) which
is (S\N, VN) = (Sv\rHestonj ;i)

2.2.5. Higher Order Approximation

In this subsection, we present a method to obtain a higher-order scheme for the
Markovian approximations (2.5) and (2.6) of the rough Heston model, following the
approach in [AL25|, where the authors constructed a higher-order scheme by iterating on
a second-order scheme for the log-Heston model. Recall that we have already obtained

a (not rigorously) second-order weak scheme for (S, V') in Section 2.2.4.
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In the following, we will use the same notations in Section 2.2.2. We consider a
time horizon T' > 0 and a time step h = T/n, with n € N>, We denote (:9\2’”, VY)
an approximate scheme for the solution (S5, V') of some SDEs starting from (s, v) with
time-step h, and

Puf(s.v) = E[f(S;", )]
the associated semigroup approximation. We also define the notation P, in the same

way for solution (S,V) by
Puf(s,v) :=E[f(S,", V)]

Next we consider the SDE on Markovian approximation for rough log-Heston model
1
dSN = \/VN (deS +/1- ,0de8> - 5Vids,

dV;N = —diag(x) (VN — wvo) dt + (0 — AV,N) 1dt + v/ VY 1 dW,,

where w - vy = Vo, VN i= (V)N and VN =T - V'V,

For | € N”% let us define the time step h; = % We set Q) = ﬁhl the operator
obtained by using the approximation scheme with the time step h;. The principle is to
iterate the identity proposed by Talay and Tubaro in [T'T90|, consisting in writing

[y

n—

B py = BBl = S BB, pypll = S BB, B)P,, (248)

=0 =0

where ]3}50} = Id and ﬁ,[:] = ﬁ}[j_l]ﬁh for 2 > 1, and P,Ei] = P, by the semigroup property.
Using this idea, we establish the following proposition. The proof is given in Appendix
A2

Proposition 2.2.18. If the semigroups (P,) for (S, V) and the family of operators
(Qi) for (SN, VN) satisfy
(i) VI,k,L € N,3C > 0,Yf € CF/"™"(R x R,),

pol

1(Po, = Q) [k < CNflesazihi- (2.49)

(ii) VI,k,L € N,3C > 0,Vf € CEF(R x Ry),

Jax 1Q7 Flle.c. + Sup HPtfHkL < C[fllk.r- (2.50)
Then we have .
2=+ >y PP - By )P (2.51)

18 an approximation of fourth order. Namely, we get

N 7\*
VfeCHRxR,), 3C > 0,L €N, [P>"f — Prfllosse < C||fllaas <;> . (252)
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Remark 2.2.19. One should note that 13,571“("“”}3,?2‘] }3}[;] to applying the scheme on a
time grid that is uniform except for a refinement of the (i 4+ 1)-th time step. This grid
therefore contains 2n time steps. If all the terms in the sum of (2.51) were computed
explicitly, the overall computational cost would be of order O(n?). Consequently, the
method would not be more efficient than using the second-order scheme with n? time
steps.

To overcome this drawback, we introduce random grids. More precisely, the authors
in [AB21] consider a random variable x uniformly distributed on {0,...,n — 1} and

define the following randomized scheme
P2 = B 4 nE[P (Pl — B, B (2.53)

Thus, for the correcting term, we consider a random time grid that is the obtained from
the uniform time grid with time step 7'/n by refining uniformly the (x + 1)-th time step
with a time step hy = T'/n?.

We have presented how p2n improves the convergence of PLn = IS}ZL} in the Proposi-
tion 2.2.18. Furthermore, for v > 2, [AB21, Lemma 2.4| defines by induction approxi-

mations 73”’”, such that
R T 2v
Vf € G (RXR.), 30> 0.L €N, [P~ Prflusea < Ollava (£ ) - (250

Therefore, we see that Pvn is a scheme with rate 2v for every v > 1. While we remark
here again, to rigorously obtain a true high order scheme, we should first prove that
the SDEs on Markovian approximation for rough log-Heston model have polynomial

estimates on the derivatives for the Cauchy problem.

2.2.6. Optimal Choice on N and M

Assume that the scheme A is rigorously of second order convergence. Then, roughly we

can see that

e To compute the weak Markovian approximation (S, V) for (S, V), its compu-
tation cost is O(N) when applying the non-geometric Gaussian quadrature for
number of quadrature points N with the error O(e=<VN), where ¢ = \/H + 1/2.

e To compute the weak scheme (SNM VNM) for (S¥ V) where M is the number
of time stepping, it costs O(N*M) (which is discussed in [BB23c, Section 3.1.3])
with the error O(NM~2).

Then, if allowing the Markovian dimension N and the number of time stepping M can

depend on each others, then it leads us to find a optimal pair (N, M) such that

min{ N2M|Cre=N + CoNM 2 < €}, (2.55)
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where the constants C;, ¢ = 1,2 inside are both independent of N, M.

The Lagrangian of this optimization problem is given by

F(M,N,)\) := N*M + A(Cye=N + CoNM 2 — ¢) (2.56)
From 0F/0M = 0, we have

A~ NM>.
And from 0F/ON = 0, we have

NM + CoAM ™2 m Xe VN /V/N ~ NMPe VN //N.
Since NM + CoAM~2 ~ N M, we get the optimal relation of N and M is
M2~ 6—\/(H+1/2)N/\/N7

where H € (—1/2,1/2) is the Hurst parameter.
It seems workable and plausible to do it. However, one of the important point we
ignore here is that the constant Cy will definitely depend on the Markovian dimension

N. Recall the SDE for the Markovian approximation is

dV,N = —diag(z) (V;N —vy) dt + (0 — Aw ' V,V) 1dt + vy /w VN1 dW,,

where the multiple constant coefficients are related to N (e.g. diag(x) is a N x N
matrix). It can be readily verified from the proof of Theorem 2.2.10 (see [Alf10b,
Appendix A]) that the parameter N in the constant Co(N) arises from the following

sources.

e The constant of the residual R§ when proving the scheme A has potentially second

order weak convergence rate.
e The constants of the estimates for uniform bounded moments for the scheme A.

e The constants of the polynomial estimates on the derivatives of the Cauchy
problem for the model (2.21), i.e. the constant in Theorem 2.2.10 (ii).

Therefore, the constant Cy(N) is essentially intractable. Even if it were computable,
determining an optimal pair (N, M) would be highly complicated. Nevertheless, in
Chapter 4, we present numerical results for the scheme under different values of N to
examine the relationship between the maximal relative error and the computational

time.
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3. Quadratic Rough Heston Model

Recall the quadratic rough Heston model has the following dynamics for the stock price

S and the volatility V'
dS, = S/ V, dW,,

(3.1)
Vi =a(Z, — b)* +c,

where W is a Brownian motion, a,b and ¢ some positive constants and Z; follows a

integral equation given by

Zt:/o(t—s)a_lﬁ(H—Zs)ds—i—/o (t—s)“‘lﬁn\/ﬁdﬂfs,

with o € (3,1), A >0, 7> 0.
Denote the fractional kernel (¢ — s)aflﬁ by K(t — s) and its log stock price logS;
by X;, then it reduces to

dx, —%p(Zt)dt +/p(Z)dW,, (3.2)

Zy = /o K(t — s)b(Zy)ds —|—/0 K(t — s)n\/p(Zy) dWs, (3.3)

where b(z) = 0 —z and p(x) = a(x—b)?+c, a,b,c > 0. We remark here o(z) := n+/p(z)
is a smooth function having linear growth with bounded first order derivative (so
o(x) € Lip).

Theorem 3.0.1. The Stochastic Volterra equation

Z - /0 K — $)(Z.)ds + /O Kt - $)/p(Z) dW..

where b(x) = 0 — z and p(z) = a(x — b)? + ¢, a,b,c > 0 admits a unique continuous

strong solution Z.

Proof. Note that b, 0 := n+/p(z) satisfy linear growth condition and Lipschitz condition.
So we can apply [AJLP19, Theorem 3.3] since the fractional kernel K also satisfies the
assumption of [AJLP19, Theorem 3.3]. O
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Plan for this Chapter

In this chapter, we first introduce a stochastic process called the polynomial Volterra
process, mainly based on [AJCP*24|. The process Z in our quadratic rough Heston
model belongs to this class of processes and therefore inherits many properties of
polynomial Volterra processes. We then extend the results of [BJP25] and [BMM25]
to models involving a more general volatility process. As an application, we obtain an
estimate of the error bound for the expectation of payoff functions in the quadratic
rough Heston model. Finally, we derive a weak simulation method for this model as

well, which is theoretically of second order weak rate.

3.1. Polynomial Volterra Process

In this section, we introduce a class of stochastic processes called polynomial Volterra

processes. Most of the following content is based on [AJCP*24].

3.1.1. Definition and Existence

We first fix a dimension d € N and consider a filtered probability space (2, F, (F;)t>0, P),
where (F;):>o satisfies the usual conditions and Fy is the trivial o-algebra on §2. We

denote Poly,(R?) is set of all (1, ..., z4)-polynomials on R with degree < k.

Definition 3.1.1. A continuous polynomial Volterra process of convolution type is
a d-dimensional adapted process X with continuous trajectories solving a stochastic

Volterra equation of the form
t t
X; = go(t) +/ K(t — s)b(X)ds +/ K(t—s)o(X)dWs, t>0, (3.4)
0 0

where
e W is a d-dimensional Brownian motion,
e the initial condition go: R, — R% is in C'(R,,RY),

e the convolution kernel K: Ry — R™4 s in L2 (R, R¥9),

e the map b: R?” — R? has components in Pol;(R?), and o: R — R4 is a
continuous map such that a(z) = o(z)o(x)" has entries in Poly(R?). More

precisely,

d d d
b(x) = by + Z bizi, a(x) = Ag+ Z A + Z Ajjzix; (3.5)
i=1 =1

1,7=1

for some b; € R? and A;, Aij € Réxd,
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Remark 3.1.2. (i) If A;; =0 for any 4, j, then X is an affine Volterra process as in
[AJLP19].

(ii)) For K =1, X is just a polynomial process.
(iii) If A;; =0 for any ¢, 7 and K = 1, then X is just an affine process.
Example 3.1.3. (i) The volatility of the Heston model is an affine process.
(ii) The volatility of the rough Heston model is an affine Voltera process.
(iii) The volatility of the quadratic rough Heston model is a polynomail Voltera process.

Remark 3.1.4. In contrast to the Heston model and the rough Heston model, whose
main feature is the availability of an explicit or semi-explicit representation of their
characteristic functions, the quadratic rough Heston model completely lacks such a
representation. As a consequence, we lose access to the characteristic function in
explicit form, which creates significant difficulties when deriving error bounds in the

next subsection.

The next proposition is an extension for [AJCP*24, Proposition 2.1|, which gives one

sharper estimate for the moments of solution to (3.4).

Proposition 3.1.5 (Estimate for Moments). Let X be a continuous solution to (3.4),
st., the drift function b and the volatility function o are continuous and have linear
growth. Then, for anyp € N and T > 0,

sup E[|Xi|P] <E[sup |XiP] <c< o0 (3.6)

0<t<T 0<t<T

for some constant c which depends only on supy<;<r |90(t)|, p, Klpm, b, 0, and T'.

Corollary 3.1.6. Let X be a continuous solution to (3.4) and a polynomial Volterra pro-

cess, then Inequality (3.6) holds for some constant c which depends only on supg<;<r |go(t)|,
p, Koz, bi, Ai, Aij, and T

Remark 3.1.7. This extended proposition plays a crucial role in proving Lemma 3.2.53,

which establishes that the control functions for the volatility model are polynomial.

Remark 3.1.8. A smart resolution to obtain the inequality

sup E[[X["] <c
0<t<T

in the Corollary 3.1.6 is to use the Theorem 3.1.20 in the following, which represents
the moments of X by polynomial of its initial value X,. The result follows from the

fact that the coefficients (cs(t)) <, are continuous so bounded on the compact interval.
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Proof. WLOG, assume the initial curve gy = 0 since it is continuous and hence bounded
on compact interval. Then the proof follows a similar argument as in the proof of
[AJLP19, Lemma 3.1]. We can set g,(t) = E[supg<,<; |Xs[’1i<r,] and get a similar

inequality

gn(t) <+ sup |K|*(s— ) * fu(s),
0<s<t

where f,,(s) = E[|X;[P1,<,,] defined as in the proof of [AJLP19, Lemma 3.1].
And we note that

sup |K|*(r — ) —sup/K (r —$) fu(s)ds (3.7)
r<t r<t
< sup/ K*(r — 8)gu(s)ds (3.8)
r<t

§/0 K2(t — 8)gn(s)ds (3.9)

follows from
t t
/ K2(t — 8)gn(s)ds > / K2(t — 8)gn(s)ds (3.10)
0 r

2/ K2(t—s)gn(s—r)ds:/O_TKQ(t—r—s)gn(s)ds,
(3.11)

for any r > 0 since g, > 0 is a non-decreasing function.

Finally, we can obtain the same inequality in [AJLP19, Lemma 3.1|
gn < +K|? * gp.

Then we can use the same argument at the last paragraph of proof for [AJLP19, Lemma
3.1] to obtain
gn < € < 00,

let n — oo by using the monotone convergence Theorem to obtain the result. O]
And we have the following result for the weak existence of solutions to (3.4).

Assumption 3.1.9. There exists a constant v € (0, 2] such that foh K (t)2dt = O(R)
and [T K (t+ h) — K(£)]2dt = O(h") for every T < oo,

Example 3.1.10. Assumption 3.1.9 is satisfied for the fractional kernel K (t) = tH#~1/2
with H € (0, 1). In particular, the corresponding polynomial Volterra process (3.4) fails

to be a semimartingale whenever H # 1/2.

[AJCP*24, Theorem 2.3] establishes the weak existence of polynomial Volterra

processes, which is stated below.

M.Sc. Thesis, TU Berlin, Institute for Mathematics, 2026 35



Yang, Runzhe On the Rough and the Quadratic Rough Heston Model

Theorem 3.1.11 (Existence of polynomial Volterra processes). Let Assumption 3.1.9
hold. Then, for any 0 < a < /2, (3.4) admits a weak solution X such that X — go has

a-Holder continuous trajectories.

3.1.2. Moment Formula

In the following, we derive moment formulas for a continuous Volterra process X solving

(3.4). More precisely, we aim to obtain formulas for moments of the form
E[X}7] = EIXT; - Xgi], £20, (3.12)

with @ = (a;)%_, € N a multi-index. One of the main difficulties in characterizing these
moments, compared with the classical framework where the kernel K is equal to Iy,
stems from the fact that X is not necessarily a Markovian semimartingale. To overcome
this issue, and following the approach of [AJEE19a, JO19]|, we introduce for each T > 0

the following adjusted forward process associated with the polynomial Volterra process

9(T) = go(T) + /0 tK(T—s)b(Xs)ds—l— /O tK(T—s)a(Xs)dWS, t<T. (3.13)

The following proposition is an extension of [AJCP*24, Lemma 3.1] which shows

that we can control the moments of the adjusted forward process g uniformly.

Proposition 3.1.12. Suppose that X is a continuous process solving (3.4) and define
the processes g as in (3.13). Then, for anyp € N and 0 < s < T,

sup sup E[|g:(s)|] <e¢ < o0 (3.14)
0<s<T 0<t<s

for some constant ¢ which depends only on supg<,<7 [90(t)|, p, Kljo.1), bi, As, Aij, and
T.

Remark 3.1.13. This extended proposition is very useful and also plays a significant

role in proving Lemma 3.2.53.

Proof. 1t is sufficient to prove the inequality (3.14) for p > 2. Given T' > 0, using the

Burkholder-Davis-Gundy and Jensen’s inequalities

[/Ks—r X,) (/ (s — r)Pla(X >|dr)p]

<C </OT!K(t)\2dt)g sup Efla(X,)|%]

0<t<T

]<O]E

(3.15)

for some constant C' > 0. Similarly, multiple applications of Jensen’s inequality yield

E K /OtK(s — )b(X,)dr )p] <t2 </0t |K(7‘)|2dr)gOiggtE[]b(Xr)’p] (3.16)

<7t ([ T|K<r>12dr)2 sup E[B(X)F] (317

0<r<T
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since the functions b and a := 02 have the form (3.5), (3.15) and (3.17) together with
the Proposition 3.1.5 yield (3.14).

Therefore, note that the right hand sides of the two inequalities (3.15) and (3.17) are
independent of ¢ and s. Then we can take supg <7 Supy<;<, on both hand sides to get

the conclusion. ]

Notice that gr(T) = X and more generally

T
a(T) =E, {XT — / K(T —s)b(Xy)ds|, t<T, (3.18)
t
It follows from the inequality (3.15) — the process M; = fot K(T — s)o(Xs)dW,, t <T,
is a martingale. Moreover, for each T' > 0, ¢4(T") is a semimartingale with dynamics

To study the moments of X in (3.12), we need to understand the behavior of more
general moments of the processes g defined in (3.13), we will consider expressions of
the form in the following

m®(t,Ty,..., Tyw)=E : (3.20)

p
11 g.4(T0)
n=1

where p € N, 0 < t < min{Th,..., T}, w = (in)h_, € {1,...,d}*, and g, ,(T}) is
the i,-th coordinate of ¢,(7,,). If d = 1, we can omit the argument w and write
m®) (¢, Ty,...,T,) for p € N. We shall use the convention m® = 1.

Remark 3.1.14. Notice that
m®(t,t,.. . t;w) = E[X™), (3.21)

where a(w) is the multi-index given by ap(w) = #{n : i, = k}, k =1,...,d. In
particular, |a(w)| = p.
We also introduce some notations. Given N € N, we define the set
W™ ={(p,w) :p€{0,1,...,NY and w € {1,...,d}"}. (3.22)
Let Dy be the cardinality of the set ZWM) . Notice that Dy = N + 1 for d = 1 and
Dy =3 od" = (d"*' —1)/(d — 1) for d > 1. For T > 0, let
DN = {(t,Ty,..., Ty) € [0, TN t <min{Ty,..., Tw}}, (3.23)

and let 7 be an enumeration of Z(V) .

Definition 3.1.15. Let X}N) be the space of RPN-valued bounded functions f on D;N)
such that the m(p, w)-th component £, ., only depends on the variables (¢,71,...,T})
for any (p,w) € ZW), and £ = 1.
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Remark 3.1.16. As we will see in the Theorem 3.1.18 below, the vector-valued function
(t, Ty, ..., Tn) = {m@ (T, ... . Tw) :pe{0,...,N}and w € {1,...,d}*} (3.24)
N
belongs to the space X} ),
Given f € XY, define the function M%N)f on D as follows: (M;N)f),r(o,@) =0,
and for (p,w) € IW™) with 1 <p < N and w = (i,,)",

n=1»

p t
ME Dty (0T ) = 3 [ LT = 1oty (T
n=1"0

p d

Sy

n=1 j=1 "0

in

t
eT K(Tn - T)bjfﬁ(p,wi )(Ta T, (Tm)mﬁé")dr

t
+ Z / e;K(Tn - T)AOK<Tm - r)Teimfﬂ(prw_n,_m)(ra (E)l;ﬁm,n)dr

1<n<m<p 0

d t
EY S [ R AR et

—n,—m
1<n<m<p j=1

d t
+ Z Z /0 eiTnK(Tn —r)AK(T,, — T)Teimfﬂ(p’wj,k )(7‘, 7,7y (1)) 12m,n ) dr,

—n,—m
1<n<m<p jk=1

) (T‘, T, (E)l;ﬁm,n)dr

(3.25)

where ¢; is the i-th canonical vector in R, w_,, is the vector obtained by erasing the
n-th coordinate of w, w_, _,, is the vector obtained by erasing the n-th and m-th
coordinates of w, w’, is the vector whose first coordinate is j and the other coordinates
are given by w_,,, and wfi_m is the vector whose first two coordinates are j, k and the

other coordinates are given by w_,, _,.

Remark 3.1.17. The right hand side of (3.25) is well-defined for f € XF}N) since K is
locally square-integrable. Moreover, M(TN)f € X}N).

The moment formula for (3.20) is given in [AJCP*24, Theorem 3.3| which is stated

in the following.

Theorem 3.1.18 (Main moment formula). Fiz N € N and T > 0. Define m :

D;N) — RPN by myg = m©@ = 1, and for (p,w) € IW) with 1 < p < N,

M) (t, T1,...,Ty) = m® (¢, Ty, ..., Ty;w) as in (3.20). Then m € X}N) and m

solves the integral equation

m(t,Ty,.... Ty) =m(0, Ty, ..., Ty)+(MYm)(t, Ty, ..., Ty), (tTi,....,Ty) € DL
(3.26)

with M(TN) as in (3.25). Furthermore, m is the unique solution in X}N) of (3.26) with

initial condition m(0,T},...,Ty), and m is continuous on D;N).

Remark 3.1.19. The well-posedness for Volterra-type integral equation in the Theorem
3.1.18 can be found in [AJCP*24, Appendix A|.
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3.1.3. Representation for Moments in Polynomials

Starting at an example, if K = [; and g9 = X, in our framework, i.e., when X
degenerates as a polynomial process, [FL.16, Theorem 3.1] gives the following explicit

formula for the moments of X
E[p(X,)] = H(Xo)"e'“p, p e Pol,(RY), t >0, (3.27)

where H(x) is a vector whose components are elements of a basis for Pol,(R?), G is
the matrix of the infinitesimal generator of X restricted to Pol,(R?), and 7 are the
coordinates of the polynomial p with respect to the basis in H(x). So we know that the
moments of X with initial value X, are again polynomials in the variable Xy, i.e., we

have representation for moments in polynomials

EXP]= > cs(t)Xy, (3.28)
BeNG,|BI<|a|

for some deterministic and time-dependent family of coefficients {cs : 3 € N&, || < |a|},
which can be computed explicitly from (3.27).

In the following theorem, it also asserts that this structural property still holds for
the moments m® in (3.20) of a polynomial Volterra process X starting at Xy, i.e. when

go = Xo in (3.4), by applying Theorem 3.1.18.

Theorem 3.1.20 (Moments are polynomials). Suppose that X is a continuous solution
to (3.4) with go = Xy and fir T > 0. Then, for all p € Ny and all w € {1,...,d}?, we

can express the functions m® in (3.20) as

m®P (T, Tyw) = Y CY( T Tyw)XY, (4T, T,) € DY,

BENZ,|BI<p

(3.29)
where the functions Cép)(-, cee W) € C(Dgf’),R) are independent of Xj.
In particular, for any o € N4, there ewists a family {Cﬂ}ﬁeNg,\mga\ of real-valued

continuous functions on [0, T], independent of Xo, such that

EXf =) cst)X§, t>0. (3.30)
BENG,|B|<]al

Remark 3.1.21. The coefficients can be obtained by solving an integral equation
similar to (3.26), see [AJCP*24, Theorem 3.8].

3.1.4. Weak Uniqueness Characterized by Moments

The ideas in Theorem 3.1.20 can be extended to characterize moments of the finite
dimensional distributions of a weak solution to (3.4). With similar argument in the

proof of [FL16, Lemma 4.1], we have the following result.
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Theorem 3.1.22 (Uniqueness in law for polynomial Volterra processes). Suppose
that for any weak solution X to (3.4) and for any t > 0, the law of X, is determined
by its moments. Then uniqueness in law (i.e., uniqueness of all finite-dimensional

distributions) holds for (3.4).

Remark 3.1.23. It claims uniqueness of moments can imply uniqueness in law, which

doesn’t hold for general random variable, e.g. for one class of random variables X = e?

where Z ~ N(0,1).

Remark 3.1.24. For affine Volterra processes, [AJLP19] provides uniqueness in law via
the Fourier-Laplace transform. Pathwise uniqueness for stochastic Volterra equations
has been established for Lipschitz coefficients, e.g., in [BM80| and, for certain coefficients
in the one-dimensional case, when the kernel K is regular [PS23] and when the kernel

is singular in [Wan0§|.

Remark 3.1.25. As explained in the proof of [FL16, Lemma 4.1], the hypothesis of
Theorem 3.1.22 holds for instance if for any weak solution X to (3.4) and t > 0, there

is € > 0 such that E[exp(e|X;|)] < co. For example, this is the case if any such solution
X is bounded.

Example 3.1.26. Let a; < ap, b € [ag, 3], A > 0 and ¢ > 0. Fix a scalar kernel
K :]0,T] — R that satisfies Assumptions 3.1.9 and K is nonnegative, not identically
zero, non-increasing and continuous on (0, 00), and its resolvent of the first kind L is
nonnegative and non-increasing in the sense that s — L([s, s + t]) is non-increasing for
all £ > 0.

Then, there exists a unique weak [a1, as]-valued solution to the equation

Yt:YO+)\/O K(t—s)(b—Ys)derc/O K(t = $)V/(Ys — an)(az = Ya) dW,, (3.31)

}/0 S [Oél,Oéz].

which we call Jacobi Volterra process on [aq, as]. It’s easy to see the weak existence is
from Theorem 3.1.11. And the weak uniqueness is from its boundedness and Theorem
3.1.22.

3.1.5. Moments Formula for the Quadratic Rough Heston Model

Return to our quadratic rough Heston model, since the volatility process Z; is an one
dimensional polynomial Volterra process. Let dimension d = 1, we can first derive the

moment formula for one dimensional polynomial Volterra process.

Proposition 3.1.27. For g4(t) an adjusted forward process for X, which is an one

dimensional polynomial Volterra process. Then the moment formula of gs(t) can be
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expressed in

E(gs(t)™) =go(t) +N/ boKK (s — r)E[gN~ ()dr—i—N/ b K (s —r)E[X,g" 1 (t)]dr

( / ApK (s — Y E[gN2(t)]dr

+ / AVK? (s — r)E[X,gY 2(t)]dr + / An K3 (s — T)E[ngiV_Z(t)]dr),
0 0
(3.32)
for N > 2, where Ay, A1, A1 and by, by are associated coefficients for X; as in Definition
3.1.1.

In particular, let s = ¢, we can now express the moments for X; in

E(XY) =go(t) +N/ boK (t —r)E[gY ()dr+N/ b K(t—7)E[X,gY " (t)]dr

N(N - 1)

: ( /0 AoK2(t — 1) E[gN-2(1)]dr

t ¢
+ / AVKP(t = r)E[X,gN72(t)]dr + / AnK3(t — T)E[ngiv_%tﬂ(h’) :
0 0
(3.33)
And when N =1,

E(X,) = /0 DKt — r)dr + /0 DKt — PE(X.)dr

In fact, let B be a matrix with columns equal to by, ..., bs and let Rp be the resolvent of
—K B, i.e. the solution to the linear equation KB « Rp = KB + Rp. Due to [AJLP19,

Lemma 2.5], (3.4) is equivalent to the integral equation

Xo= o) - [ Ry(t — S)gols)ds + ( / t EB<s>ds) b | Bt — )o(X.)dW,,

where Fg = K — Rp *x K. We see it offers us another way to express expectation of X
in

E(X:) = go(t) — /0 Rp(t — s)go(s)ds + bo/o Eg(s)ds.

Now, Let Z be an approximation of Z. The dynamics of Z is given by
t t
7, - / Rt — $)b(Z.)ds + / Rt — sy /p(Zo)dw,, (3.34)
0 0

where b(z) = 0 — z, p(z) = a(xr —b)%> +¢, a,b,c > 0 and K is some approximation of K.
Since Z is also a polynomial Volterra process, so it also has the moment formulas. rom

the structure of the moment formulas, we conjecture that for any n € Z™,

n 7 \n T T2
E[(Zr)" — (Z7)")| S| K = Kllpjor + 1K* = K |20, (3.35)
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Moreover, let X denote the process with the same dynamics as in (3.2), where Z is

replaced by Z. We further conjecture that

T
n N — —2
[E[X7 — X7]| S / (HK = Klppq + 1K* - K ||L1[o,t1)dt (3.36)
0

since the diffusion coefficients of X has only polynomial growth. In the next section,
we show that this conjecture indeed holds and can even be extended to more general

test functions, not only power functions.

3.2. Error Bound for the Quadratic Rough Heston
Model

In this section, we derive an error bound for the quadratic rough Heston model whose
form is in a way similar to Corollary 2.1.11 in Chapter 2. However, as discussed in the
Remark 3.1.4 in the previous subsection, the quadratic rough Heston model does not
admit an semi-explicit characterization of its characteristic function. As a consequence,
we cannot follow the same strategy as in the rough Heston case, where we estimated
the characteristic function and then applied Fourier methods to derive the error bound.

Instead, we adopt a path-dependent PDE framework inspired by [BJP25] and
[BMM25], and extend it to a broader class of volatility processes characterized as
solutions to stochastic Volterra equations. This extension relies on developing the
corresponding Malliavin calculus framework for stochastic Volterra equations, together
with precise estimates of the associated Malliavin derivatives, which are essential for
obtaining sharper error bounds since we will make extensive use of tools from Malliavin
calculus. The resulting improved path-dependent PDE approach accommodates a wider
range of rough volatility models with deterministic drift, and in particular applies to
the quadratic rough Heston model.

First let see an example where we can derive a simple error bound for X. Assume

the approximation (X%, Z") satisfies the equation

1
dXY = —ép(ZN)dt+ \/p(ZN)dw, (3.37)

/KN b(ZN) ds+/ KNt — s)ny/p(ZN)dw, (3.38)

where KV is an approximation for K satisfying the conditions in [AK21, Theorem 3.1]|.

Then we have the following result:

Proposition 3.2.1. Assume K" (t) < CK(t) on (0,T)] for every N. Then there exists
a constant C € Ry depending on T, b, o, Kl such that

T
BIXY - Xl <€ [ IKY(s) = K(5)lioadr (339
0
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Proof. Note the coefficients b, o of the SVEs (3.3) and (3.38) satisfy Lipschitz continuous
condition of [AK21, Theorem 3.1|, so we have

E|ZY — ZP] < C / KN (s) — K(s)[ds

and
E[Z) — Z,|"] = E[|2)¥ — Z,|]*.

So
E[|Z) — Z|] < C|KY — K|| 1209

Eventually, with using the Lipschitz continuity of /p(z) and applying BDG inequality

and Holder inequality, we have
1 T
B Xl < 382 ~ oz + 8L Vo) oA
0
T
< CE|( / 17— 22 Pty E[( / 7, + 2N )
0 0

T
+C/ E[|Z, — Z}|]at
0

T T (3.40)
< CaBl( [ 120~ ZNPa0) v [ B2 - 2
0 0
T
< CK,T/ E[|Z, — Z{|)dt
0
T
< CK,T/ |KN — K||r210,4dt,
0
where we use Proposition 3.1.5 and the assumption KV < K. O

In the following, we extend the result to a more general setting and obtain an estimate

given by

i) ~ BN < € [ {0 = K¥ g + 162 = ()2l .

3.2.1. Preliminary
Notations

If (X, X) and (Y,)) are two topological spaces, we denote C°(X,Y) (resp. D°(X,Y))
by the space of continuous functions (resp. cadlag functions) from X to Y. If (X, X)
and (Y,)) are two normed vector spaces and X is also a measure space with measure

Lx, we denote by LP(X,Y") the space of p-integrable functions from (X, ux) to Y. For
Y =R, we simply write LP(X,Y) = LP(X).
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If x and y are two real number, we note x Ay (resp. x V y) the minimum (resp. the
maximum) between x and y.

We write a < b if there exists a constant C' > 0 such that a < Cb.

Let 8; ;:=d’/dx?, j—th order partial differential operator with respect to the variable
x. And we denote 0, := 0; for convention. If z € R, then we denote the j —th derivative
of f(x) by fU)(x).

Let w:[0,7] = R and 6 : [0,7] — R be Borel-measurable functions. We define their
concatenation path at time ¢ by

Wy, ifu <t
Yu € (0,7, (wd 0), =
0., ifu>t.

For a measurable function K on R, and a measure L on R, of locally bounded

variation, the convolutions K * L and L % K are defined by
(K« L)(t) = K(t —s)L(ds), (Lx*K)(t)= / L(ds)K(t — s)
[0,£] [0,£]

for t > 0. If F'is a function on R, , we write K * F' = K * (Fdt), that is,

(K + F)(t) = /0 K(t— 5)F(s)ds.

Fix d € N and let M be a d-dimensional continuous local martingale. If K is R™*%-

valued for some m € N, the convolution

(K + dM), = /O Kt )M,
is well-defined as an It6 integral for any ¢ > 0 if

/Ot K (t — 5)Pd te[M], < oo,

We note D the Malliavin derivative operator with respect to the 1-dim Brownian
motion B and D'?(B) its domain of application in L?*(£2).

We consider a function K € L?([0,T]), called kernel, and a function K € L?([0, T]),
called approximate kernel. We will extensively make use of the following notations in
the proofs:

AK =K — K, A(K?) =K
— 9 (3.41)
YK =K+ K, Y(K? =K + K2

Malliavin Calculus

The treatment of singular kernels in the next section requires the use of Malliavin
calculus, we will introduce some basic results for Malliavin calculus in the following,
including the basic properties of the Malliavin derivative and several useful theorems

and propositions, following the lecture notes [Kun13| and [Hai21].
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Definition 3.2.2 (Isonormal Gaussian process over H). Let H be a real separable
Hilbert space with inner product (-,-). An isonormal Gaussian process over H is a
family of real-valued random variables W = {W(h) : h € H} defined on a probability
space (2, F,P) such that:

e for any hy,...,h, € H, the vector (W(hy),...,W(h,)) is jointly Gaussian;

e forall h,g € H,
EW(n)W(g)] = (h,g9)-

Remark 3.2.3. Gaussian white noise is the special case of H-isonormal Gaussian
process, where we take H = L?(R,). So the Brownian motions belong to the class
of H-isonormal Gaussian processes. More generally, fractional Brownian motions also
belong to the class of H-isonormal Gaussian processes as long as we choose another

inner product (-, -)x.

Fix a H-isonormal Gaussian process W, we denote the underlying probability space
by (€2, %,P), where ¥ := (W (h) : h), the o—algebra generated by the H-isonormal
Gaussian process W. By S, the set of "smooth random variables" (resp. Sy, resp. S.)
we denote the class of random variables X such that there exists an n € N, vectors
hi,..., hy, and a function f € C55(R") (resp. f € CF(R"), resp. f € C°(R")) such
that

X =f(W(hy),...,W(hy)).

And we remark here all the three spaces are dense in L?().

Definition 3.2.4. Let X = f(W(hy),...,W(h,)) € S. The Malliavin derivative of X
is the H-valued random variable DX, defined by

DX = zn:ajf(W(hl), s W(ha))hy,

J=1

where 0; f denotes the j-th partial derivative of f.
Note that for h € H, we have

(DX, h) = lim FOV () + 41 ), W (Ra) + i, 1) = F(W(R), - W ()

t—0 t

Remark 3.2.5. The derivative is independent of choice of the representation for
X = f(W(h’l)v?W(hn)) or g(W(el)77W(em))

Example 3.2.6. Consider the case of Brownian motion, i.e., take H = L*(R,), we
have By = W(1j94), so DBy = 1j0,4(s). More generally, we often write X = W (h) :=
J5° h(t)dBy, the Ito integral, where B, is a Brownian motion. Then D X = h(s).
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Next, we introduce some basic results for Malliavin derivatives. Most of proofs can
be found in Appendix A.3.

Lemma 3.2.7 (Integration by part). Let X € S and h € H. Then E(DX,h)) =

Corollary 3.2.8. Let XY € S and h € H. Then
E(Y(DX, h)) = E(XYW(h) — X(DY,h)).

Proposition 3.2.9. The operator D viewed as an operator from LP(Q2) to LP(S2; H),
defined on S is closable.

Definition 3.2.10. we denote the closure of D in LP(2) again by D and call it Malliavin
differential operator. The domain of D in LP(2) is denoted by D'?. Thus D'? is the

closure of S with respect to the norm

B =

[ X == (E[X]” + E[DXI[F)7

Remark 3.2.11. For p = 2, the space D'? is a Hilbert space with respect to the inner
product
(X,Y)12 = E(XY) + E(DX,DY)y.

Remark 3.2.12. For p € (1,00) the space D7 is reflexive since it’s isometrically

isomorphic to a closed subspace of the reflexive space LP(2) x LP(Q); H).

Definition 3.2.13. The divergence operator, also called the Skorohod integral, is the
adjoint § of D on L?*(2) with the domain D(§) consisting of those u € L*(); H) such
that there exists X € L?(Q2) with

E(DY, u)y = E(Y - X)
for all Y € D2, Since D'? is dense in L?((2), there is at most one such element X. We
write 6(u) := X.

Remark 3.2.14. For u € L*(Q; H), it belongs to the domain D(4) if and only if there

exists a constant ¢ > 0 st.

N

|E(DY, u)| < c(E[Y]?)
for all X € D2,
Proposition 3.2.15. The divergence operator § is local on L*(2; H).

Proposition 3.2.16 (Chain rule for Malliavin derivatives). Letp > 1, X = (X,..., X,,)
be a vector of random variables with X; € DY for j =1,...,m and ¢ : R™ — R be
continuously differentiable with bounded partial derivatives. Then o(X) € DY and

Dy(X) = i 9,0(X)DX;. (3.42)
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Lemma 3.2.17. Let p € (1,00) and X,, € D' be such that X, — X in LP(Q) and
such that

sup E|| DX, || < occ.
neN

Then X € D' and DX,, converges weakly to DX .

Next we study the special case where H = L*([0, T, B0y, dt). Given a random
variable X € D2, the Malliavin derivative DX can be identified with the element in
L*([0,T] x ©2). Thus the Malliavin derivative can be viewed as a stochastic process
{D:X :t €[0,7]} where D, X is defined almost everywhere with respect to the measure
dt ® P. Consider the case X = f(W(hq),...,W(h,)) € S, we have

DX =3 ()W ()., W (ha) ().

And similar arguments also apply to the divergence operator §. If we view the Malliavin
derivative as an operator from L*(Q) to L*([0,7T] x ), then the adjoint d is an operator
on L*([0,T] x Q) taking values in L?(Q). Thus the domain of § consists of certain
stochastic processes. In this case, we have the following conditional integration by part

formula.

Lemma 3.2.18 (Conditional integration by part). The (conditional) Malliavin integra-

tion by parts formula is

T
E {F/ hsdBs
t

for any F € DY? and h € L*(Q2 x [0,T]).

]—“t} _E { /t ' hstFds‘ft} , (3.43)

Proposition 3.2.19. For A € By, X4 = o(W(lp) : B C A,B € HBjo) and
X € DY2. We have E(X|X4) € DY and

DE(X[S4) = E(D, X|4)14.
Corollary 3.2.20. Let A € By and assume that X € DY? is ¥ 4-measurable. Then
D;:X=0 as on A°xQ.

Remark 3.2.21. It asserts that if X is .%#;-measurable, then the Malliavin derivative
D, X is only supported in the interval [0,¢], i.e. D,X =0 for s > ¢.

We now denote the space DV2(L*([0,T], B, dt)) =: L*?, ie., L1 = {u € L*([0,T] x
Q) :u(t) € DY Dyu(t) € L*([0,T]* x Q)}, which is contained in D(§). And L'? is a

Hilbert space with norm

ullf 2 = ”UH%%[O,T]xQ) + HDUH%Q([O,T}ZXQ)'

We set B, :== W (1) and consider the natural filtration F = (%)7r>¢>0 where %, =
Y04 =0(Bs:s <t). Let LE([0,7] x ) be the space of the adapted, square integrable

processes.
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Proposition 3.2.22. We have L3([0,T] x Q) C D(9).
Remark 3.2.23. For u € L4((0,T) x Q) it is customary to write

/O " u()dB,

for §(u) and to call this the Ito-integral of u. Actually, any It6-integrable stochastic
process is in the domain of the Skorohod integral and the Skorohod integral coincides

with the It integral.

Proposition 3.2.24 (Malliavin derivative for It integral). Let u € L2((0,T) x Q)
and define X = fOTu(s)st. Then X € DY2 if and only if u € LY2. In that case,
t — Dyu(s) belongs to L and fort € (0,T) we have

T
D, X = u(t) +/ D;u(s)dBs
¢

almost surely.

Remark 3.2.25. It will be useful to be applied together with the Lemma 3.2.17.

Hadamard derivatives in L?({)

Next, we introduce Hadamard derivatives, which provide the weakest notion of dif-
ferentiability ensuring the validity of the chain rule in LP(€2). In this setting, the
chain rule does not generally hold for Gateaux derivatives, and the functions under
consideration are not necessarily Fréchet differentiable. We recall the definition of
Hadamard differentiability and some basic properties from [BMM25, Appendix A.1]
and [Sha90].

Definition 3.2.26. Let (X, dx) and (Y, dy) be two metric vector spaces and f : X — Y.
f is called Hadamard-differentiable at x € X in the direction h € X if, for any sequence
(hn)nen of elements of X and (t,),en of elements of R, such that h, — h and t,, — 0,

<f($+tnhn) —f(x))

tn
exists in Y. We denote this limit by D f(x, h) and call it the Hadamard derivative of f

at x in the direction h.

the limit of the sequence

Remark 3.2.27. When f is Hadamard differentiable at x in the direction h, then f is
also Gateaux differentiable at = in the direction h, and the Gateaux derivative coincides
with the Hadamard derivative. Actually, we have the following relation for the three

commonly used differentiabilities
Fréchet differentiable = Hadamard differentiable = Gateaux differentiable.

Besides, for locally Lipschitz mappings in normed spaces, the Gateaux derivative will

coincide with the Hadamard derivative.
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Proposition 3.2.28. If f is Hadamard differentiable at x, then its Hadamard derivative

Df(x,-) is is sequentially continuous.

Remark 3.2.29. So if the domain space X is metrizable, then Hadamard directional

differentiability implies continuity of the directional derivative D f,.

We have the chain rule and product rule for the Hadamard derivatives in the following.
Those results are from [BMM25, Appendix A.1].

Proposition 3.2.30 (The chain rule for Hadamard derivatives). Let X,Y, Z be metric
spaces, f : X = Y and g : Y — Z. If [ is Gdteaux-differentiable at x € X in
the direction h € X and g is Hadamard-differentiable at f(x) € Y in the direction
Df(x,h) €Y, then go f is Gateauz-differentiable at x in the direction h and

D(go f)(z,h) = Dg(f(x), Df(x,h)).

Lemma 3.2.31 (The product rule for Hadamard derivatives). Let (X,d) be a metric
space. If two functions f,g : X — L*(Q) are Gateaua-differentiable at x € X in
the direction h € X, then their product fg : X — LY(Q) is Gateauz-differentiable

for the norm || - ||y at x in the direction h and the Gateauz derivative is given by

D(fg)(x,h) = f(x)Dg(x,h) + g(x)Df(x,h).

The following lemma will be vital in the proof of Proposition 3.54 in the next
subsection, which provides a sufficient condition ensuring the Hadamard differentiability
of the extension of a smooth function f : R — R to the appropriate probabilistic spaces

in our specific context.

Lemma 3.2.32. Let f € C*(R,R), and assume that, for g € {f, ', "}, there exists
a real p > 1 such that |g(z)| S 1+ |zP for any x € R. Fizr > 1. For q > 2pr V 4r,
we consider the functions F' : L1(Q) — L"(Q) defined by F(X)(w) = f(X(w)) for
X € LYR2) and w € Q. Then F is a well-defined Hadamard-differentiable function
between the Banach spaces (L1(2), ||-||4) and (L"(2),||-||), and the Hadamard derivative
of F at X € L) in the direction H € L(S2) is given by F'(X,H) = f'(X)H.

Resolvent

Note that stochastic Volterra equations can be viewed as stochastic differential equations
convolved with a kernel K. It is therefore useful to introduce some results concerning

the resolvent.

Definition 3.2.33. Consider a kernel K € L{ (R, R%*9). The resolvent, or resolvent

loc

of the second kind, corresponding to K is the kernel R € L{ (R, ;R?*?) such that

loc

K+*R=RxK=K—R. (3.44)
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Remark 3.2.34. The resolvent always exists and is unique, and several properties of
the original kernel K, such as local integrability and continuity, are inherited by the
resolvent; see [GLS90, Theorems 2.3.1 and 2.3.5].

Definition 3.2.35. The resolvent of the first kind associated with the kernel K is an

R%4_valued measure L on R of locally bounded variation such that
KxL=LxK=1,

where [ stands for the identity matrix.

Remark 3.2.36. A resolvent of the first kind does not always exist.

Using the concept of resolvent of the second kind, one can derive a variation of
constants formula as shown in the following lemma, which is a special case of [AJLP19,
Lemma 2.5 with Z = 0.

Lemma 3.2.37 (Resolvent Representation). Let X be a continuous process, F': R, —

R™ a continuous function, B € R¥4. Then
X=F+(KB)*xX = X =F—RpgxF,
where Rp is the resolvent of the second kind for —KB.

As in the classical ODE setting, where Gronwall’s inequality is frequently used
to derive estimates, we will need an analogue in the present context. A suitable

Volterra-type Gronwall inequality is given in [GLS90, Lemma 9.8.2].

Lemma 3.2.38 (Volterra-type Grownwall’s inequality) Let k € Lloc be a scalar
Volterra kernel (i.e., k(t,s) =0 for s >t and (k x x) fo (s)ds), for some
p, 1 <p < oo, on an interval J := [S,T) C R, wzth —0 < S < T < 00, and assume

that —k has a nonpositive resolvent of the second kind r € LY . Let z, f € Lt (J), and

loc*

suppose that
z(t) < (kxx)(t) + f(t)
fora.e. t € J. Then x(t) < y(t) for a.e. t € J, where y is the solution of the comparison

equation

y(t) = (kxy)(t) + f(1).

Remark 3.2.39. By applying Lemma 3.2.37, we can express solution y of the compari-

son equation explicitly in terms of the resolvent of k.
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Function Spaces and Derivatives

We fix a real t € [0, 7], and define

X = C°([0,T],R), X, = C°([t, T],R), X = D°([0,T],R);
A= [0,T] x R x C°([0, T], R);

A= {(t,x,w) € [0,7] x R x D0, T}, R) ; wy, ,, € Xt}

“(JJH[O,T] = S[UI;} ’wt” d/_\( (t,x,w), (tlvx vw) ) = |t —t ’ + ’x - {E/‘ + ”w - WIH[OvT}'
telo,

Let C°(A) := C°(A,R) be the space of functions u : A — R such that u is continuous
with respect to the topology induced by the distance d;. Next, we define several
derivatives for functions u € C°(A) in the sense of Gateaux. We define the time
derivative of a function u € C°(A) at (¢t,7,w) € A as the following limit

Dyu(t, w) = lim u(t + 9, w) — u(t,w)’
0—0 )

if it exists. Let (t,z) € [0,7] x R and n € &;. We define the path derivative of u at
w € X in the direction n by

u(t,r,w+enl —u(t,z,w
((9wu(t, L, w)? 7]> = lim ( " [t’T]) ( )’
e—0 c

if the limit exists. For any r < t and n € X,., we fix the convention that
(Ouu(t,z,w),n) == (Ouu(t, z,w),nlym).

Similarly, we define the second path derivative of u at point (¢,7,w) € A, in the

directions n, ( € &; by

(O ult.z.w), (0, ¢)) = lim et 8w+ EClpy)m) = (Gt 2, w), 1)

e—0 €

if the limit exists.

Remark 3.2.40. More generally, if we consider U(t,w) : [0,7] x V — R, V is some
n.v.s., and we define its Gateaux derivatives at variable w as above. Then we have the

following results: if w is R%valued, then for 1 is R%valued, we have

d
(0,U(t,w),m Z&%Utw i),

(02,U(t,w w), (mi,m5))-

||F1&|

Furthermore, if 7 € R™™ is matrix valued, then

<awu(t7 w)a 77> = <Z<awiu(t7 w)a 77i,j>> )

i=1
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(O2u(t,w) =y ) (@ w), (N Mise))-

k=1 1,5=1

Definition 3.2.41. We say that u € C%*2(A) C C°(A) if the derivatives d,u, 02 u, 0,
9% _u and 0,,(d,u) exist and are continuous functions (at fixed direction) on A with re-
spect to the distance dj, and if the maps n — (9, u(t, z,w), n), ¢ = (O2u(t, z,w), (n,())
and 7 — (0, (0,u)(t,z,w),n) are linear and continuous on X.

And we say that u € CY22(A) if u € C%*2(A) and, moreover, its time derivative dyu

1S continuous.

Remark 3.2.42. (i) Due to the definition of dj, it is enough to show that the
derivatives of u are continuous respectively with respect to ¢, x and w separately

to ensure that they are continuous under dz on A.

(ii) Fréchet-differentiable condition of u, d,u and O,u can imply the linearity and the
continuity of the path derivatives with respect to the direction. However, the
conditions in Definition 3.2.41 are sufficient in our setting, so we choose to work
with the Hadamard derivative in the proofs. This allows the chain rule to be

applied while remaining well-suited to the framework of our study.

Definition 3.2.43. Given X, satisfying some stochastic Volterra equation on [0, T,

we denote the space of control functions by
G:={G:R'>R:E[G (HX||[0T)} < oo for all p > 1}.

Remark 3.2.44. We use the same definition as [BJP25, Definition 2.2| here. We will
see that f(¢,z,w) =1+ |z|? + ||lw|| 7 belongs to the space of control functions from
the following Lemma 3.2.53.

Definition 3.2.45. Let u € 00’2’2(/_\).

(i) Controlled growth for w, d,u, 92 ,u. We say that u, d,u or 9>, u has controlled
growth if there exists a constant ¢ > 0 such that

|8’7 (t,x,w ’ S T+ 2|7+ HwH[qO’T], Y(t,z,w) € A,

for i =0, 1 or 2 respectively.

(ii) Controlled growth for 0,u, d,(0,u). We say that d,u or 0,,(0,u) has controlled
growth if there exists ¢ > 0 such that

(005 ult, z,w), m] S (1 + 12l + wllfym) 17 Lem oo,

for all (t,z,w) € A and n € X, with j = 0 or 1.
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(iii) Controlled growth for 92 u. We say that 92 u has controlled growth if there
exists ¢ > 0 such that

[(@Zult,z,w), (. ) S (L4 |2l + llwlifyz9) 17 eyl 1€ Leallio.ry,
for all (t,z,w) € A and n,{ € X.
We say u € C?*?(A) if u and all the derivatives above have controlled growth.

Remark 3.2.46. The conditions of the Definition 3.2.45 are stronger than [BJP25,
Definition 2.4| since we restrict on a smaller family of functions now. We will use the

same family of of control functions for Definition 3.2.47 in the following.

To ensure that the functional It6 formula and the path-dependent PDE hold in
the Section 3.2.5, we impose additional regularity assumptions on u. The following
conditions ensure that the path derivatives of u are negligible when evaluated in

directions supported near the time singularity.

Definition 3.2.47. We say that v € C{%*(A), with a € (0,1), if there exists a

continuous extension of u € C7**(A), a constant ¢ > 0 and a bounded modulus of
continuity function o such that, for any x € R, forany 0 <t < T,0 <6 < T —t,
and 7, € A; with supports contained in [t,t + ],

(i) for any w € X such that wlym € &,

[(Ouu(t, z,w),m| < (14 [z|* + llwllg ) 7l o 2y 6%
[(O5uu(t, z,w), (0, Q)| < (1+ 2| + [l ) 10l 0.2y 1SN0, 29 0*

ii) for any other w’ € X such that W'l 7 € &},
[t.T)]

(O u(t, x,w) — Du(t, z,w'),n)|
< (T f2) + lwllfoz + 1w o) 101l Ul — w'll 790
(D2 ult, x,w) — 2 u(t,z,w'), (1,0))|
< (1 |2+ |l 2y + 1 129) 1l 1€ 1o 7y (llw = @'ll0.07) 824

(iii) For any w € X, t — (O u(t,r,w),n) and t — (02 _u(t,z,w), (n,)) are continuous.

Besides, we define u € C’}F’?O’ZQ(A) C C'(A)ifue 03’720;2(/\) and the time derivative Oyu is

continuous.
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3.2.2. Main Result

Fix the filtrated probability space (2, F, P, {F; }iepo,r)) where {F;}icpo,r) is the filtration
generated by one dimensional Brownian motion B.

In our context, we consider the following rough volatility model which is a extension
for the model introduced in the [BJP25, Section 2.4] since it has more general structure
for the volatility process that is no more a Volterra Gaussian, the dynamics is described
by the stochastic Volterra equation (SVE) below

Xi =z + /t@/z(r, Z.)dB, + C/t@b(r, Z,)?dr
’ (3.45)

7, = / K(t,r) L) dr +o(Z,) dBT)

with zg,( € R. The kernel K : [0,T]> — R can be singular and Z is a Volterra process.
We will focus on the Riemann-Liouville case K (t,s) = (t}?}f{l for H € (1,1) or at least

the kernel K should have the identical property as this fractional kernel.
Also the SVE (3.45) of the two-dimensional X = (X,Z)" is a particular case of
[BJP25, SVE (2.1)] with d = m = 2 and

0 W(r, xs)

0 K(t,r)o(z

o C¢(Ta x2)2
) = [K(m)b(:c?)] |

o(t,r,xy,xe) = [ )] . (3.46)
In financial models, X is the log stock price, i.e., the log of an exponential martingale
and thus ¢ = —%. Actually, our method also works for more general setting on dynamics
for X with diffusion coefficients b(r, x), 5 (r, z) and there’s no need to satisfy the relation

b(r,z) = C5(r,x)?, see [BMM25].

Definition 3.2.48. We say that f : R — R belongs to C[) (R) with m € N if there
exists k¢ > 0 such that max;<,, ‘f )| <1+ |z|* for all z € R.
For g : [0, 7] x R — R belongs to Com([O T)] x R) with m € N if there exists k, > 0

poly

such that max;<, ‘('ng (t,x)| S 1+ (x| + t)k for all z € R.
Assumption 3.2.49.
(i) b,0 € C' having linear growth and bounded first order derivatives.
(i) The payoff function ¢ belongs to C, (R).

(iif) The volatility function ¢ belongs to C*3 ([0, 7] x R).

poly

(iv) K(t,s) = K(t —s), K : (0,T7] — R>% The function K(t) is non-increasing,
continuous on (0, 7] and differentiable a.e. on (0, 7] and satisfies: exist H € (3, 1),

[K(t,s)] S (=) 0K (ts)] S (t—s)"72,
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for all s < t. Assume we also have another comparison kernel K (¢,s) = K(t — s),
s.t., K € C([0,T]; R>%) N L2([0, 7)), and there exists ¢, 5 > 0, for any ¢ € (0,7,

we have

K(t) < CK,FK(t)-

Remark 3.2.50. (i) Assumption 3.2.49 (iv) can imply K, K € L>*[0,T] for ¢ > 0
small enough (depending on H).

(ii) In the case of quadratic rough Heston model, the kernel is given by K(t,s) =

(t—s)H—1
T(H)

method. In this setting, Assumption 3.2.49 (iv) should hold with a universal

and K = K" denote an approximation obtained via some quadrature

constant cg, uniformly in N. This ensures that the constant appearing on
the right-hand side of the error estimate in the Theorem 3.2.51 below remains

independent of V.

(iii) Assumption 3.2.49 (i) implies b, o are Lipschitz. So we will have strong wellposed-
ness for the model (3.45) by Theorem 3.0.1.

(iv) The assumption "K(t,s) = K(t — s)" is required to apply the Volterra type

Grownwall’s inequality in the following.

We consider the approximate processes (X;, Z;) for (X,, Z,), satisfying a SVE associ-

ated with an approximate kernel K:

X - xo+/tw<r,7r> dBw/t o, Z)2 dr,
‘ ‘ (3.47)

7, = / R, ) (W(Z) dr + 0(Z;) dB,).

Theorem 3.2.51 (Error Bound). Let Assumption 3.2.49 (i)-(iv) hold. Then, there
exists a constant C € Ry (depending on T, H, ¢, ¢, b, o, Kl F|[07T]), for the
stochastic Volterra processes (3.45) and (3.47), (X, Z) and (X, Z), we have

— T — —9
Bio(Xr)] ~ (Xl < € [ {IK = Flligoay + 162 = Kl oy .

Remark 3.2.52. (i) In the case of Remark 3.2.50 (ii), ¢z ; in the Assumption 3.2.49
(iv) only depends on K when N is large enough, then the constant C' in Theorem
3.2.51 won’t depend on K. It means in this case it really gives us an estimation

on error bound for some approximations KV, as [BB23b, Corollary 2.12| did.

(ii) The estimation of error bound consists of two terms. The term fOT 1K — K || g1 (o, dt
usually behaves better than the latter fOT | K? — FQHU([O’tht, i.e., yields a sharper
bound, especially when H is small, one can see [BMM25, Example (1.4)].
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3.2.3. Representation for Conditional Expectation

For (t,z,w) € [0,T] x R x C°([0,T],R), we define the stochastic flow

T T
X ok [z + [ uls zi)a,
¢ t

S (3.48)
26—, + / K(s,r)(b(Z,) dr + 0(Z,) dB,).
t
We define the forward process
t
o — / K(s,r) (b(Z,)dr + 0(Z,)dB,), s>t (3.49)
0

We remark here the process ©! is a semimartingale for s > ¢. This process arises from
S

the decomposition of Z as

Zs= 0! +/ K(s,r) (b(Z,)dr +0(Z,)dB,) = O, +I!, forall0 <t<s<T.
¢

In particular, ©! = Z;. And similarly we also define @Z and Ti for the approximate
processes (X, Z).

We are interested in representations of the value function U : A — R such that
U(t,w) = E[®(X")], which fits for our model. By the discussion of the [BJP25,
Remark 2.15], the strong well-posedness of (X, Z) (from Theorem 3.0.1) can imply that
the conditional expectation E[¢(Xr)|F] = U(t, X ®; ©) where X is the solution for
SVE with coefficients (3.46) and © is defined in the same way as (3.49) but replace
Z by X. Also by [BJP25, Remark 2.17 (2),(3)], the semi-martingality of X and the
state-dependent payoff function ¢ imply that the conditional expectation E[¢(X7)|F]

is only a function of (¢, Xy, ©"), i.e., there exists

u: {(t,x,w) € [0,T) x R x (D°([t, T]) N Co(t,T])} SR, 550,
s.t. u(t,wt(l),w@)][t,ﬂ) =U(t,w). ‘

Therefore we have the following representation
U,(t, Xt7 @ft,T]) = E[QS(XT”‘E]?

which is a function defined on the space A.

3.2.4. Regularity for u(t,z,w)

In this subsection, we will prove u(t,z,w) has enough regularity in our context and
then calculate its Hadamard derivatives.

First, we want to prove a lemma to obtain the moment control uniformly in time
for the stochastic flow (3.48) started at fixed (x,w) and the stochastic flow started
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at the approximate processes (X, @t), which will allow us to prove the regularity of
(z,w) > E[p(X%™)] since it’s helpful for us to use the Hélder inequality throughout

our proofs.

Lemma 3.2.53. Let Assumptions 3.2.49 (i)-(iv) hold. For any p > 1 and (z,w) €
R x C°([0,T],R). There exists positive constants c1,c2,¢ and ¢ depending on K|,
Klom, b, 0, ¢ and T, s.t.

(i) We have
sup E[|X7"“1P] < 1 (1 + |ff + HW”][DO,T})’
te[0,T
sup sup E[|ZM¥P] < (1 + ||w||I[)O,T])’
t€[0,T] s€[t,T)
- =t
sup E[|X7H ) <@ (Jaf + 1),
te[0,T
sup sup E[|Z:°17] < 2.
te[0,T] s€t, T

(i) We have
E[| sup Z;|’] VE[| sup X;]P] < oc.
0<t<T 0<t<T

Proof. (i) First we define the forward process for Z, which is given by
o (r) = E, {Zr _ / K(r— s)o(Z)ds|, t<n (3.51)
t

where here E; means the conditional expectation under the filtration F;. And we only
prove the last two inequalities, i.e., the case that the stochastic flow starts at the
approximate processes (X4, @t). The another two inequalities will be obtained in the
same way.

First we see

E[|Z:9'17] < cp{En@i\p +E[|Z, — g7 W]}
(3.52)
< cp{EH@ZV’ +E[|Z,"] + E[|¢7 <s>m}

follows from c,-inequality. Then we can apply Proposition 3.1.5 and Proposition 3.1.12
to obtain

sup sup E[|Z§’@t]p] < G,.
te[0,T] s€[t,T)
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And similarly, using c,-inequality, BDG inequality and Hélder inequality, we have

~. ot — T =t T —t
Emw&QMS%%wxm+/°mwwzﬁn%@+/Iwwazﬂww%

< cp{l + |@” + ¢, (T* + sup sup E[|Z® ]%wp])}
t€l0,T)] s€[t, T

S Cp,T(l + |~T|p +62)7
(3.53)

where we also use the following estimate for E[|X,|P]:

1/JSZ ¢SZ dB

E[[X["] < ¢ {IXol”

3%§M%M+W*A UM&&WM&MJWIAIWWQEMﬂ%}
< el + 1),

— =t
due to the identity Z, = Z$© | we can use the same argument as above.

Take sup,, on the both hand sides to obtain

- &t
sup E[[ X7 1) < @ (jef + 1).
te[0,7

(ii) It’s trivial from Proposition 3.1.5 and similar estimations from above. O

The following lemma gives the first and second Hadamard derivatives in the space
LP(Q) for the flow process X5,

Lemma 3.2.54. Let Assumptions 3.2.49 (i)-(iv) hold. Fiz (t,z) € [0,T] x X; and
p=>1

i) The function w — X5 is Hadamard-differentiable in LP(QY), and the Hadamard
T

derwative at w € X; in the direction n € X, is given by
T
X5 = [ 0. 2 mds + [ 006,28
t

(ii) The function w — (0,X5"“ n) is Hadamard-differentiable in LP(QY), and the
Hadamard derivative at w € X; in the direction £ € X; is given by

<85wX§lxw (n,€)) C/ (s, Zb)n.Esds —l—/ (s, Zb\n.€dBs.

Proof. The proof is same as the proof for [BMM25, Lemma 4.4] since we assume the

same growth conditions on ¥ and ¢ and we also have Lemma 3.2.53 to apply. O]
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Next we can check the regularity of function u(t, r,w) = E[p(X%"“)] and obtain the

representation for the derivatives of u in the following proposition.

Proposition 3.2.55. Let t € [0,7] and n,§ € X, and Assumptions 3.2.49 (i)-(iii)
hold. The function u : A — R defined by u(t, z,w) = E[p(X5")] belongs to the space
09;2’2(/1). Moreover, the following representations hold

8u(tww) =E[¢' (X 5],
Bl (X)),

(%
0
E[¢/(X7") (0. X7, 1)),
o
[

Lu(t, r,w)

(0, u(t T,w),n)
(0,0zu(t, z,w),n)
(O5ut,z,w), (n,€))

(3.54)

E[¢" (X7")(0.X7", m)],
E[¢" (X7") (0 X7, m) {0, X7", €)]
+ E[¢/ (X" )02, X2", (n.€))].

Remark 3.2.56. In particular, the map (n,¢) + (92 u(t,z,w), (,¢)) is a bilinear
symmetric form on X; x X.

Proof. The proof is similar as the proof for [BMM25, Proposition 4.5] for the same
reasons. The only part needed to be additionally checked falls on proving the time

continuity of derivatives of u. It can be reduced to prove: for any ¢ > 2,
||Zf’w — Z:7w||Lq(Q) —0 (u—t).

And it can be implied by the following inequalities

12 = 2oy = | | Kl =02+ o1 Z)aB o

/ K T—l Hb Zl HLq dl—|— / K2 HO’ (ZI)HLQ/Q(Q dl)
< sup [[p(Z0)l| (o / K(r—1)dl

+sup|]o (Z) Hi/jz(g /K2 1)dl) 1/2

— 0,
(3.55)
follows from BDG inequality, Minkovsky’s inequality and Lemma 3.1.5, along with the
fact that b and o have only linear growth. O

Since now we’re in a model where the volatility process Z satisfying a more complicated
stochastic Volterra equation. Its Malliavin derivative D,Z; can’t be calculated in an
explicit form any more as in [BJP25] where D,Z; = K(t,5)1{s<;. So in the following
lemma, we require to develop the Malliavin calculus theory for stochastic Volterra
equation and get a sharp estimation for the Malliavin derivative D Z;, which is vital to

obtain the second order path derivative at the singular direction K.
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Lemma 3.2.57. Consider the stochastic volterra equation
Zy = / K(t,r) (b(Z,)dr 4+ o(Z,) dBT). (3.56)

Let the Assumptions 3.2.49 (i) and (iv) hold. Then the strong solution Z; € D%* for
0 <t <T and the Malliavin derivative D, Z; satisfies

t
D, Z, = K(t,r)o(Z,) + / K(t, 5)(0:b(Z2.)D, Zods + 0,0(Z.)D, Z,dB,),  (3.57)
forr <t, while D,.Z; =0 for T'>r > t. Besides we also have the estimate

T
Sup/ E(|D, Z,|?)dt < oo. (3.58)

0<r<T J o

Remark 3.2.58. It is worth noting that the following observation will be repeatedly

used in what follows: if we consider the stochastic flow
7P = w + /t K(t,r) (b(ZT) dr +o(Z,) dBT), (3.59)
for some path w on [0,%]. Then Z{>" € D"? and
D, Z"" = K(t,7)o(Z,) + /t K(t,s)(0:b(Zs)D, Zyds + 0,0(Zs)D, Z,dB,)  (3.60)

for any t, < r < t by chain rule. Besides, we still have the same estimate for D, Z/*"

follows from
T T
/ E(|D,Z*"?)dt < sup/ K*(t,r)dt - sup E[o*(Z,)]

+ Cr tK2(t, s)E[|D, Z,|*|dsdt
I

—CK+CT/ / K*(t, s)E[|D, Z,|*|dtds

< Ck + Cr] sup / K*(t,s)dt] / E[|D,Z,|*ds < oo,

r<s<T

where we apply Fubini-Tonelli Theorem to get rid of integral of K2. In particular, it

—to
works for w =0 .

Proof. We first consider the Picard iterates Z,, defined inductively by Zy = 0 and

Zoa(8) = T(Za)(8) = /0 K(t,r) (0(Za(r)) dr + o(Za(r)) dB,).

Set
| X||p,r := sup E[| X,[*]"/”
t<T
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and
HXHp,T,A = SUPEﬂeiAtXﬂp]l/p, A > 0.
t<T

We let H,, r denote the space of all X, s.t., || X ||, < oo, modulo the equivalence relation
obtained by identifying processes that are versions of each other. Then (H, .| - |l,.7)
is obviously a Banach space.

It’s easy to see || - |lpra ~ || - llpr- And by induction on n, Zy € (Hpr, || - |lpr) is

trivial, along with the estimate

|Zualyir < supd [ K BIMZ, )P+ (B Koz Pant )

¢ ¢
<sup( [ K(trB(HZ, )PP dr + ([ KtV Ello(Z,0) PP
<1 Jo 0
t ¢
<C(1+|1Zullpr) sgg{/ K(t,r)dr + (/ K(t,r)%dr)z} < oo
o ' (3.62)
follows from Minkovsky’s inequality, BDG inequality and Jensen’s inequality, along
with the fact that K € L?. So (Z,) C (Hpz, || - llp.1)-

Therefore, from [AJLP19, Appendix A], we see we can choose A large enough to let T
be a contraction. Then we can prove that Z,, — Z in || - ||, 1, So it’s also LP-convergence
and (Z,,) is L? bounded, where Z is the unique strong solution of SVE (3.56).

Next we will prove (Z(t))j.r] C D"? and the Malliavin derivatives satisfy the equation
(3.60). We first prove these results will hold for (Z,(t)),r by induction on n. For n = 0,
it’s trivial. We assume the case k = n holds. For the case n + 1: since b, € C*, apply

Proposition 3.2.16, we have
D, [b(s, Z(5))] = Dub(s, Zu(8)D, Zn(s),  Dr(o(s, Zu(s))) = 0p0(s, Zu(5))Dr Zu(s)

For a Ito integral,

t t
DT( / s dBS> =, Ly + / D, . dB.,
0 r

for r < t and D,ﬂ(f(;t Us dWS) =0, for r > t. Applying D,. on Z,,,1(t), we obtain

D, Z,1(t) =K(t,r)0(Z,(r)) +/ K(t,5)(0:0(Za(r)) Dy Zn(s)ds (3.63)

+ 0,0(Z(5))D, Zn(5)dB),

for r < ¢ and D, Z,.1(t) = 0, for r > t. Therefore, (Z,(t))p,r; C D" and the their
Malliavin derivatives satisfy the equation (3.60).
Denote ¢y (t) := f(f ||Der(t)||%2(Q)dr. By induction again on k, we can prove that

M.Sc. Thesis, TU Berlin, Institute for Mathematics, 2026 61



Yang, Runzhe On the Rough and the Quadratic Rough Heston Model

dr(t) € L' and ¢(t) < oo for any ¢ € [0, T}, follow from the following estimates

bir () <( sup / Kt =) Pdr) supsup o (Zu(0) [0

0<t<T
t ot
+/ E[(/ |K(t,s)DTZn(s)|ds)2]dT+C/ / K(t,5)2HD,,ZH(S)||%2(Q)deT
0 r 0 Jr

t t
gcwcT/ / K (1, 521D, Z,(5) 22 g dsdr
0 r

t s
:cl+0T/ K(t—s)Q/ 1D, Z,(5) |22y drds
0 0

= C1 + Co K% % ¢, (1),
(3.64)
where the first term of the first inequality is bounded from the fact that (Z,) is L?
bounded and ¢ has only linear growth. We also use Jensen inequality, BDG inequality
and Fubini Theorem here, along with the fact that 0,b, 0,0 are bounded to get these
estimations. Besides, Cy, Cy only depend on T', K|jo.1),b, 0.
So ¢r(t)’s are well-defined. Denote K =K2?¢ L0, T]. Tteratively use the inequality
(3.64), we have

Pnr1(t) <Co Z Cyx KU < Gy Z Cy o+ K™, (3.65)
i>0 i>0

since K is nonnegative. And we also have C} * K*" = (| fg K& (s)ds. Combined

with the equation

Z 1K 10

KU (s)ds < / (si)dsidsy - - - ds, <
/ 0o<> T si<t ; H n!

which follows from the symmetry of integration domain. Therefore,
n(t) < C1Cel Klitom < oo,
for any n. It implies
T t
sup E[[|D. Z, (1) 172 0.1p)] = Sup/ 1D, Zn ()| 22y dr = sup | Dy Zn(t)[|72(0ydr < 0.
n n 0 n 0

Combined with Z,(t) — Z(t) in L*(2). We have (Z(t))p,r C D"* from Lemma 3.2.17
with H = L?*([0,T]) and get the equation (3.60) from Proposition 3.2.24.

As for the estimate, similarly, we can obtain

V(1) == E(D,Z(t)|*) < CK(t,r)* + CK? x 9,(t).

where C' only depends on K, T, b, 0. Apply the Lemma 3.2.38, we have
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Ur(t) < yr(),
where y,(t) satisfies equation y,(t) = CK? x y,(t) + CK(t,r)?. We can solve y,(t) by

Lemma 3.2.37, which is given by
y(t) = CK(t> ')2 — CRx* K2<t7 ')7

where R is resolvent of the second kind of —K?. So R is negative and belongs to L!.

Eventually we get

T T
sup / E(|D,Z|?)dt < sup / yr(t)dt (3.66)
0<r<T Jr 0<r<T Jr
T T
<C sup/ K(t,r)*dt + C sup/ |R* K2(t,r)|dt (3.67)
0<r<T Jr 0<r<T Jr
T
< Ckr+ C||R||L1jo,m sup / K(t,r)dt < oo, (3.68)
0o<r<T Jr
follows from Young’s inequality. m

Remark 3.2.59. The Lemma 3.2.57 is crucial, as it allows us to apply Holder’s
inequality to separate the term |D,Z;|* and another L? random variable inside the same

expectation.

Corollary 3.2.60. Under the conditions of Lemma 3.2.57. There exists a eg > 0, st.

T
sup / E[|DTZt|(2+EH)]dt S CK7T7H7670 < 00.

0<r<T
Proof. Similarly, we can derive the inequality below
(1) = E[ID,Z(1)|*F) < CK (t,r) 7 + CKEH) x4, (1),

where C' only depends on Kl 7, H,T,b, 0. Since K satisfies the Assumption 3.2.49 (iv),
so there exists a ey > 0, s.t., IH' € (1/2,1),

(Kt s)| St —s|T OB ) (8, s)] S - 8T

and K'ten/2 ¢ [2 Therefore we can repeat the argument above with K := Ktern/2,

]

Remark 3.2.61. For H > %, we can obtain a stronger estimate by applying Holder’s
inequality to bound the kernel K in the integral of the SVE (3.56). In this case, K € L4,
which allows us to handle the term K? arising from It6’s isometry. Moreover, the

assumption K (t,s) = K(t — s) in Assumption 3.2.49 (iv) is no longer required.
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Denote ¢, (t) := E| fot |D,.Z,,(t)|*dr], then apply the BDG inequality, Holder inequality,

cp-inequality and Fubini Theorem, and use the same argument above, we can obtain

¢n+1(t) S Cl + CQ/ ¢n(8)d5, (369)
0

where C1, Cy only depend on b, o, K, T. Iteratively use the inequality (3.69), then we

have

$a(t) < CL Y CIH /51 < Cre®,
0

follows from the same argument in the proof above. Therefore, we can conclude
Zt S D1’4.

Besides, note that we have estimate

o(t) == E[/Ot D, Z(t)[*dr] < Cy + O,y /Ot o(s)ds

by using Grownwall’s inequality. It can provide us a nice bound by the identical

argument as above

t
E[ / D, Z(#)[4dr] < Cyo e
0

Next, to derive formulas for the path derivative of u in singular directions, we
approximate them using truncation functions. Let K1y, K(2) € L*([0,T],R.) such that
Ky is continuous on (0,7 for i = 1,2. For t € [0,T] and K € {K), K(2)}, we set for
allu € [t,T], K'(u) :— K(u—t) so that K* € L?([t,T],R,) and we define the truncated
directions following [BMM25].

K(s—t) ifs>t+9,

K"(s) = K'(sV (t46)) = { K(6) if s € [0,t 4 0].

We can now define the path derivatives of a function u : A — R by the following limits

(Quu(t, z,w), Ky) = lim (Qu(t, z,w), Kéﬁ?), for i=1,2,
0—0

<8Zwu(t7 CU), (Kfl)’ K(tQ))> = (151_1)% <aiwu(t7 CU), (K(ti(;a Kfé(;»a

(3.70)

if they exist.

Lemma 3.2.62. For (K1), K(2)) defined as above. Let Assumptions 3.2.49 (i)-(i) hold
and K satisfies limso 0K, (0) = lims fo(s K2y (r)dr =0 fori=1,2. Then for any

t € [0,T], we have the following representations for the path derivatives of u(t,x,w) =
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E[p(X5")] € CY**(A) in the singular direction (K K(yy) € L([t, T),R,)®*

(Ouult, z,w), K(;y) =E[¢/ (XF")(0,X3", K{;)], (3.71)
(0,0,u(t, z,w), K(l ) =E[¢"(X3")(0.X77, K(i))], (3.72)
(02 ult, z,w), (K{y, Ky)) =E[¢"(X7") (0, X7 K€1)><0 X7 Kly)]
+E{C X7 / (5, Z:°) (K@ K))(t = s)ds

(ke / D, X5 82 (s, 75) (K Koy (t — 8)ds |,

(3.73)
where
t T
(0,X55 K, g/ ztw)K@)(s)dH/t Dib(s, 71V KL, (),
holds in the sense of L*(Q) fori=1,2.
Proof. To prove the equations (3.71) and (3.72), we prove that
(O X" K() = (0.X77, Kl in L*(Q) for 60,
ie.,
[(<8 thw Kt6> <a Xt:):w K()>)]
S 006,28 E — I )
+E( / 0,5, Z5) (K — Ky (5))dB,)?
(3.74)

< / (KL — Ky (s))2ds / E[(0,(4)(s, 7:°))%]ds

s BI@0( 20 [ (58— Kl (6) s

t<s<T

T
< Cp [ (I~ Ky (9)ds > 0.
t

follows from BDG inequality, Minkovsky inequality and Holder inequality and Lemma
3.2.53.

In the following we denote E[F (X5« ZU)] i= By, o[F(Xs, Zy)] for s > t for
convenience. To prove (3.73), most of the argument follows the proof of Proposition
2.23 in [BJP25, Section 7.3], since we assume similar growth conditions on ¢ and ¢,

and we also have Lemma 3.2.53. The only part that needs to be handled differently in
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our proof is

Bt w { / KXy Ky (t = s) st}
=Firw U D¢ (X7)02,10(s, Zs) (K Ky ) (t — s)ds}

S Euas [ / D, ¢/ (X2)02 (s, Z3) (K Kot — s>ds] (5 0)

here we use Malliavin integration by parts in Lemma 3.2.18. Because when taking ¢ | 0
we would obtain the ill-defined integral ft

1K 2)(t — s) dB; since K;may ¢ L* for
t = 1,2. Note that

T
Bt [/t D¢/ (X1)0z,0 (s, Zo) (K Ky ) (t = 5) = (K K@) (t = 8)]d8] |
S ( sup ]Et,a:,w

s B[P (Xr)0%0(5, Z)) [ 05 Kyt = 5) = (o i) ¢ = )

(3.75)

and

[ (K Kyt — ) —

(KK @)t — s)]ds
<Kl 2o 1K) —

Kllz2pm + 1K@llzom Kfy = Kollzzom =0 (6= 0).

(3.76)
So we only need to prove

sup Ei gz [|DS¢I(XT)8£m¢(37 Zs) H
t<s<T

Next we simply denote the norm ||
(t,x,w) by H ) HL”(

< oQ.

|l () of conditional expectation starting at
). Fix p; € (1,2), first we see

sup ]Et,x,w HDS¢/(XT)(9£1¢(87 Zs) |]
t<s<T

= sup Epo/DsXr[|05,6(Xr) 05,0 (s, Z)]
t<s<T

< (sup [[DsXr||zei(
t<s<T

o) ( sup [|97,6(
t<s<T

) (3.77)

Xs)axzw(& ZS)HLQI(Q)]

< Cryg sup [[Ds X[l (9
t<s<T

by Proposition 3.2.16 and Holder’s inequality. Combined with

T T
D, X7" = (s, 2,%) + / D.(r, Z;)dB, +¢ / D2(r, Z5°)dr
s t

T T
=022+ [ 0022028+ ¢ [ 0,000 2D 2t

(3.78)
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for s > t, follows from Proposition 3.2.16 and 3.2.24. Then using BDG inequality,
Minkovsky’s inequality and Holder’s inequality and Lemma 3.2.53, we have
sup HDSXTHLpl(Q)

t<s<T

T
S sup 465, Z0) ooy + sup | [ 0u0(r. 2)DuZ,d B 120

T

+ sup || 395(%02)(7“, Zr)DsZrdT”LPl(Q)

tSSST S

T
< Crp(U+1a] + [llon)*s + Co sup ([ 10,60 2D 2 oy}

T
+ sup / 100 (62)(r, Z2)Ds Z, | 1o i

t<s<T Js

< Cryp(1+ |z| + [|wlljom)*

+Cy sup (Haﬂp(r,ZT)HLQ(MH)/EHtEuET( / |]DZH1L/22+€H dr)?

t<s<r<T

T
+(Sup/ |DsZ | 2@)dr)( sup  ||0:(¥*)(r, Z,) || 2age))

t<s<T Js t<s<r<T

T
1 1/2 1
< Cotrasuti o1+ [ 50 ([ IDZ )t + sup ( / IDLZel1}2 )]}
t<s<T Js t<s<T

< 00,
(3.79)
where we apply the Hélder inequality with § + % = pil and ey /(2+e€y)+2/(24€ep) =1
for the third inequality, along with the results from Corollary 3.2.60 and Lemma 3.2.57

T
sup / E[|D, Z,|®*m]ds < oo

t<r<T Jy
and
T
sup / E[|D,Z.|*ds < oc.
tSTST T
We complete the proof. O

Corollary 3.2.63. We thereby get an estimate on D X5 for any p € [1,2),

sup sup | DXz n(e) < Crrip . uljom < - (3.80)
0<t<T t<s<T

Corollary 3.2.64. For any p € [1,2),

sup sup ||Dg XtXi ||Lp <Coryxi < 0 (3.81)

0<t<T t<s<T P

Proof. 1t follows from Lemma 3.2.53, Remark 3.2.58 and growth condition on ¢, ¢». [J
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Corollary 3.2.65. For any p € [1,2),

sup sup [[Dsd’(Xz")o(@) < Criprv il < 00 (3.82)
0<t<T t<s<T
/ t,Yt,ét -
sup sup ||Ds¢' (X7 Ner@) < Cprypxrm < 0 (3.83)
0<t<T t<s<T

Proof. Tt follows from Proposition 3.2.16 and note that ¢"(X»"“) € L? for any oo >
q > 1 by the growth condition on derivative of ¢. O]

Remark 3.2.66. These estimates will be vital to prove regularity properties for u(t, x,w)

in the following proposition.

With these tools at hand, we can prove that u possesses sufficient regularity to handle
singular directions by using the representation of its derivatives.

Proposition 3.2.67. Let Assumption 3.2.49 (i)-(iv) hold. Then u € C?r’Qf(A).

2

Proof. We have u € Cﬂ’z’Q(J_X) by Proposition 3.2.55 and the existence of the derivatives
for w in singular directions follows from Lemma 3.2.62. So it’s sufficient to check that u
will satisfy the conditions of Definition 3.2.47. Most parts of the proof can follow the
proof for Proposition 2.24 in [BJP25, Section 7.4].

Part (i) of [BJP25, Section 7.4] is totally workable in our case. Since we have Corollary
3.2.65 and similar growth conditions on ¢ and .

When it comes to the part (ii) of [BJP25, Section 7.4], The only point that needs to
be proved slightly differently lies in proving the w-continuity for the second order path
derivative of u where Holder’s inequality must be applied with care since the estimate
in Corollary 3.2.65 only holds for 1 < p < 2. Actually we only need to prove it for the
last term of the representation (3.73) since the proof for other terms is identical as
[BJP25, Section 7.4].

We denote the conditional LP(€2)—norm starting at (¢, z) by ||||Lf$ . Let G € G denote
some control function having polynomial growth which may be different line to line.
For ngi) € X supported on [t,T] for i = 1,2 and (t,z,w), (t,z,0’) € A. Let 1 <p <2
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and apply Holder inequality on 1/p 4+ 1/q = 1, we have

T
[/ D, ¢ (X4)0? w(s,Zé")nﬁ”nf)ds} —E,. U D, ¢/ (X502, (s, 2 )nMnPds
t

- Et,z

A { (Do (X3) — Do (X)) 2, (5, 22)
+ D0 () (82,005, 2) — 02,005, 22 }n§ s ]

< [ [P - o)

’ H (s, Z9) g ds [0y 112 ] .

- ) - D)

xm¢(87 Z;}) - aga:w(sv Z;J/)

ds
Lq

t,x
X H77(1)H[0,T] Hn@)”[O,T} :

Concerning the second term on the right-hand side, first note that D,¢'(X%), D¢/ (X%) €
L? from Corollary 3.2.65. Besides note that 92,1 is C', we have

D
Lt,x

xx¢(s7 Z;J) _ag ¢ S, Zw

H / 02, 0.(02° + (1— )22 )db

|w — W/H[o;r]
La
(3.84)
S UG, W)l 7y + 11G(, ) o 79) lor = @l 1y
(3.85)

by using intermediate value Theorem and Lemma 3.2.53.
On the other hand, for the first term, apply Holder inequality on p < p/ < 2,
1/p" +1/¢ = 1/p, we have

| (x) - Doo' ()

P ‘
Lt,ac

#(XHDLXF - ¢ (X7 DX |

< || - DX, + o) (D7 - DY) (3.86)
sl - o], ey, o], | ez -ve 2],
/ D2 (0,0 (22) — 0,0,(2)aB, B
+|[ pzoniz - oz | (3.7

Using monotonicity of p/ — || - ||, A (p' < 2) and applying BDG inequality, Holder
inequality on 2/(2 + €y) + ex /(2 ¥ eg) = 1, 1/2+1/p” = 1/p/, Jensen inequality
with intermediate value Theorem on the third term of (3.87), we have the following
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inequalities for the third term and the fourth term of (3.87)

/ D Z mwr(zw) - xqu)r(Z(lJ dB

/ D, 7, (0, (42)(2%) — 0, (42)(Z2)) dr

/

Lf,z
(3.88)
T L9
< / By (1D Z, [2(0,0,(Z) — 06 (22)) ] dr) /2
T
+ [ D2 @032 - 0022 )y (3.9)
T
< (/ Etx“D Z |2+6Hd7,,)1/ 24-€m)
/ 102, () QZUJ +(1- Q)Z;‘J)Hif@ﬂm/md@)lﬂ lw — w/H[O,T]
T
s w02 + = 0)22)d0) o — g / ID.Z, |, dr
(3.90)

S [ sup || sup 92, (4,)(0Z;" + (1= 0)Z2) || psesven

t<r<T  0€[0,1]

+ sup || sup 32,(62)(0Z + (1 - 0)Z2) ] | — g (3.91)

t<r<T  0€[0,1]

N (HG(@"»W)H[O,T] + HG($7(“},)H[0,T}) lw — W/H[U,T] (3.92)

follows from Corollary 3.2.60 and Lemma 3.60. Besides, the first two terms of (3.87)
can be estimated similarly by the regularity of 1) and ¢ and Lemma 3.2.53. Therefore,
we can conclude that

T
{ / D¢ (X2)02, (s, Z2 )nﬁ”nﬁz)dS] —Eis [ / D¢ (Xi)02, (s, 2 )i InPds
S (G (z, w)|| [0,7] + [|G(z,w )H[OT) |w —w ||[o ] ”77 H [0,7] HU(Q)”[OT (3.93)

Next we're going to prove the time-continuity for d,,u and 92 u in Definition 3.2.47(iii),
as was done in the part (iii) of [BJP25, Section 7.4]. We can see from the representation
(3.71), the case for d,u is easy and can follow the case for 92 u. So we only prove the
time-continuity for 92_u

We fix (t,z,w) € A. Note that to prove the first term of (3.73) has time continuity,
WLOG, let ¢ = 0 since it suffices to treat the trickiest term containing the two stochastic

M.Sc. Thesis, TU Berlin, Institute for Mathematics, 2026 70



Yang, Runzhe On the Rough and the Quadratic Rough Heston Model

integrals. For 6 > 0,

T T

Eq. [as"(X;“) ( / Dup(s, Z0)n) st> ( / Oup(s, Z 0 stﬂ
t+5T jtj—é

_E,. [¢"<X;> ( / ams,zz)ng”st) ( / agcws,Z;)ng”st)}

T T
_E,, [(¢"<X€ﬁ5> (X)) ( / 0,1 (s, 210 dBS) ( / Ot (s, 210 @ dBS)]

(3.94)
T T
+Ex,w[¢”(X%> ( / Out (s, Z0 D dB, — / axw(s,z;f)né”st)
t+6 t
T
X ( / Ou(s, Z:0)n?) st) }
t+6
(3.95)

T
E.., [qb"(X;) ( [ v,z dBS)
t . .
x < / 0u (s, 2,0 dB, — / 8xw(s,Z§)?7§2)st>}.
t+6 ’

(3.96)

For (3.94), we apply Holder inequality on 1/2+1/4+1/4 = 1 to focus on the difference

6" (X77) — ¢"(Xp)],

HXt+5

| [ oo 0 nxpan

4
Lm,w

since the other two terms of (3.94) belong to L;w thereby they can be bounded by

Lemma 3.2.53. Furthermore, apply BDG and Jensen’s inequalities, we have

(

T t+6
< CT/ » W ZH8) (s, Zg)ﬂ ds+(75/+ E.. [U(s, Z)"]ds,  (3.97)

X5 = XEIl,

T t+6 4
/ ((s, 257°) — (s, Z1)) st+/t W(s, Z1) dBS>

t+6

- Ez,w

where the second term of (3.97) clearly goes to zero as 6 — 0. For the first term of
(3.97), we write

B [[05, 227%) = (s, 20|
4
= Ex,w

1
(2= 2) [0 (524 (2 - 2))
0

(3.98)

1 g7 1/2
<E,.[jz - 2] " E,, / Ot (5, 2+ \ (214 — 21)) d)\’ ]
0

< CE%W [lZ;-i-é . Z§|8:| 1/2’
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where the integral can be bounded in L}, from Lemma 3.2.53 and the growth condition
on 1. Besides apply c,-inequality, BDG inequality, Holder inequality and Jensen’s
inequality, we can obtain

.
B, ||22% = 21| = Ba.

/ K (s, 7)b(Z,)dr

t+0 t+0
<[ ks, r)ary / E.., [[6(Z,)|*] dr +E..,
t

t

/ K (s,r)[b(Z,)dr + o(Z,) dB,]

/ K(s,r)o (Z)dBTSI

/t " K s )0 (2,

+Emw

N 930-’

|

(3.99)
since there actually exists a ey > 0 small enough, s.t., (24 €y)(H — 1) > —1 so that

t+d t+9
5 5+ (/ K2+EH(S,T)CZT)2(2+€H)(/ ]E[O’2(2+€H)/EH(Zr)dr])4€H/(2+€H)
t t

—0 (6 —0)

K?*ten ¢ L1 Similarly we can also see

1
AXER 4 (1 — N XE) dx < 00
T T

4
Lm,w

which yields that (3.94) goes to zero with 4.
And note that the cases for (3.95) and (3.96) are identical. Next we only deal with

the second one. We decompose further
T T
| outs. 2ot b~ [ ou(s, 2zt ab,
t+d t

T t+6
= / (amzb(s, Zﬁ”) — 0, (s, Zﬁ))ngl) dB, + / RVIED Zg)ngl) dB,.
¢

t+4

By the same argument as in the part (iii) of [BJP25, Section 7.4], the integral between
t and ¢ + 0 was already showed that it tends to zero in L% , norm as | 0. Since 0,1 is
also C', the same computations as above show that E, ,[|0,¢(s, Z:F) — 9,0(s, Z§)|4]
goes to zero, which concludes the time continuity of the first term of the representation

(3.73). The second term in the representation (3.73) can be handled easily, as it follows
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from the previous argument. Regarding the last term of representation (3.73),

T T
Evo { Do/ (X§7)02, (s, 25V K (5,1 + 6)?ds — / Do/ (X4)32, (s, ZOK (s, t)?ds}
t+9 t
T
=E,, { / (D! (X502, 0(s, 20 K (s, + 0)* = Do (X102, 06(5, Z) K (5.1)? }ds
t+0
t+6
b [ D s Z)K (s s (3.100)
t T
= B, { / {Do/(X}#) = Do/ (X5 b2, (s, 200 K (st + 6)2ds}
t+0
r pT
FE | [ D {005, 227 - bt Z)} K.+ 0
LJ t+6
r T
FEow | [ Dyt (X0)IZ(s, ZD{ K (st +0)* = K(s, t)z}ds}
LJ t+6
r o
+E,w D¢/ (X%)92,9(s, Zﬁ)K(s,t)%s} : (3.101)

For the first term of (3.101), apply Hélder inequality for p € (1,2),

T
Es. { / {Dud/ (X7) = Do/ (X0) 02, 0(s. ZE VK (st + 5>2ds}
t+4

T
S/ IDs¢'(X7"°) = Dud (X0 n,, sup 02,4(s, Z:7)||g K (5,1 + 0)?ds.
t

+0 s€ft,T)

(3.102)

Similarly to the estimate in (3.87), we can show that

sup [|Ds¢'(X7") = Dy (X7)llrz, =0 (5 0).
s€t,T) '
Indeed, the first two terms in (3.87) converge to zero by Corollary 3.2.65. Moreover,

applying the intermediate value theorem to ¢”, together with
1X7 — X772, — 0,

which follows from Lemma 3.2.53, yields the desired control. Finally, the remaining
terms can be handled using the BDG inequality, Corollary 3.2.60, Lemma 3.60, Lemma
3.2.53, and the inequality (3.103) below.
The estimation for the second term of (3.101) follows from using Hélder inequality
and
sup [[Dy¢'(X7)

372 < 00,
s€[t,T] w

Iz
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along with

t+0
sup [|82,4(s, Z570) — 93,05, Z) s, SO+ sup | / K8 (5, 7)dr) 2@ o)
t

T>s>t+6 D
t+6 )
/S 0+ sup (/ (S _ 7~)2H f2dr)2(2+eH)
T>s>t4+6 Jt
=0 (6—0)
(3.103)

by the same estimate as in (3.98), applied with 1) replaced by 92,1, where H' € (1/2,1)
chosen in Corollary 3.2.60 for €. For the third one and the last one, they both tend to

zero since we have
sup E, ,[|D¢'(X7)07,4(s, Z1)|] < o0,

t<s<T
follows from the argument in the proof for Corollary 3.2.65, along with

< 52H

/T (K(s,t +0)% — K(s,t)2>ds

+4

and
t+5
/ K(s,t)%ds < 6°H
t

from the Assumption 3.2.49 (iv). This concludes Definition 3.2.47 (iii) and hence the
proof of the whole proposition. n

3.2.5. Path-dependent Feynman-Kac Formula and Functional 1t6

Formula

Having established sufficient regularity for the function u(t, w,w), we now establish two
key tools: the path-dependent Feynman-Kac formula and the functional 1t6 formula.
These results will be used to estimate the error bound between our model and the

approximate model in the previous subsection.

Proposition 3.2.68 (Path dependent Feynman-Kac formula). Let Assumptions 3.2.49
(i)-(iv) hold. Then the time derivative of u : (t,x,w) — E[p(X5")] exists and u €
C}r’i’Q(A). Besides, u is the unique classical solution of the path-dependent PDE:

)

Opu(t, z,w) + C* (t, wy) Opult, T, w) + blw) (O,u(t, z,w), K(- —t))

(@) (@) (B (D) (£ 7, ), K (- — 1)) + %¢2(t, ), ut, 7, w)
1

+ 50" (@)(Duult, z,w), (K (- = 1), K(- = 1))) =0,

with terminal condition w(T,x,w) = ¢(x), for any (t,z,w) € A.
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Proof. Note U(t,w) := u(t,wt(l),w(z)][tﬂ) € C?r’é in the sense that it satisfies [BJP25,
Definition 2.7 (i), (ii)], which follows from Proposition 3.2.67. The remaining conditions
of |BJP25, Proposition 2.13, 2.14] are satisfied by Lemma 3.2.53 and Assumption 3.2.49
(iv). Therefore, we can directly apply [BJP25, Proposition 2.13, 2.14] to our model
(3.46). Therefore, U(t,w) is the unique solution to the path-dependent PDE

U + = <62 U, (o™, 0")) + (0,U, ") = 0, (3.104)

with terminal condition U(7T,w) = ¢(w(Tl )), where the coefficients are given by

O ¢(7’, .’172)

CWT’ xZ)Z
’ 0 K(t,r)o(z

K(t,r)b(xs) )] . (3.105)

b(t,?", xlaxQ) = [ U(t,?”, 513'1,.7]2) — [

Hense, with the help of Remark 3.2.40, we have

(DU, b)) = (0,00 U, Co(t, )Y + (0,0 U, K (- — )b(w®))
- C1/J(t7 wt)Zaa:u + b(wt><awu(t7 l’, w)? K( - t)>

and

(02,U. (0", 0)) = (P, U, (W(tw™), o(t,wi?))
+ 2( U ((twt) K(-— t)U(WQ)»
+ 0 (W) 020y U, (K (- — ), K(- — 1))
= (t, wp) 202, + 20 (t, wp) o (we) (B (D), K (- — 1)
+ 0 (w) 02 u, (K (- — 1), K(- = 1))).

Substituting them into the equation (3.104) for U, we obtain the desired result. O

Proposition 3.2.69 (Functional Ito6 formula). Let Assumptions 3.2.49 (i)-(iv) hold.
The following functional Ité formula holds for the function u : (t,z,w) — E[p(X5"*)]
and the semimartingale (yt,@t):

t t
u(t,yt,@t) :u(O,Xo,O)+/ 8tu(s,75,@8)ds+/ 2 (s, Zs)0pu(s, X 4,0 )ds
0

0
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Proof. Due to Proposition 3.2.68, U(t,w) € Cl 21 in the sense of [BJP25, Definition
2.7]. So we can now apply [BJP25, Theorem 2. 10] i.e. the functional Itd formula to
U(t,w), which yields

1
dUt - (atUt _'_ §<a¢int7 (O_t7w7 O—tyw)> + <awUta bt7w>) dt + <a‘4’Ut’ O—t’w>dBt’

then we can replace (92 _U;, (08¢, a")), (0,Uy, b)) and (9,,U;, o) by the calculations
above to get the formula for u.
[

3.2.6. Estimation for Error Bound

Denote the weak error associated with the approximate model (3.47) by

Er = E[p(Xr)] - E[o(X7)].

We now estimate this error using the tools introduced in the previous sections. The
main ideas follow [BMM25, Section 5.
First, note that
El¢p(Xr)] = E[u(0,z,0)]

and

E[¢(X1)] = E[u(T, X1,0")).
Applying the functional It6 formula in Proposition 3.2.69 on function u € Cf;(/\) and
the semi-martingale (X, ©) for ¢ = T'. Taking expectations on both sides, and noting

that all the Itd integrals are martingales and thus have zero expectation by Assumption
3.2.49, we obtain

. / Cb(Z) (s, X0 8). K~ ))ds

b [ 0670 22001005, K. B, R~ )i (8.106)
i1 OTW(s,zS)agmu(s,z, 8')ds

+3 / o202 u(s, X, O), (K (- = 5). K (- - S)”ds)

Using the path-dependent Feynman—Kac formula in Proposition 3.2.68, we can rewrite
the first integral on the right-hand side of (3.106) in terms of the path derivatives of w.
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All derivatives that are not taken in the direction of the kernel cancel with those in
(3.106), and we are left with

Er :E(/T W(Z)(0,u(s,X,,0°), AK(- — s))ds
+ [ (s, Z)0(Z:)(0u(00u)(5, X, 07), AK (- — s))ds

L ¥ of
b3 [ IR T (AR~ 9) SK( = 5)his ),

where we used the bilinearity and the symmetry of the map Qzuwu(t,yt,@t) to factorise
the last term. We use now the representation formulas for the derivatives from Propo-
sition 3.2.55 and Lemma 3.2.62 with K(;) = AK and Ky = XK, both belonging to
L*([0,T),R,) N C(0,7T] and satisfying hm(;_m OKZ(0) = l1m5_>0 fo K2 (r)dr = 0 for
i = 1,2 by Assumption 3.2.49 (iv). From this, each of the above mtegrals can be decom-
posed into a sum of integrals, which we analyze separately. From the representation
formulas of 0,0,u and O,u, we get

E UT b(Z) (Boult, X0, 01, AK (- — t)>dt}
= [ [ B[p0 Blson ) .t ) | 7| Ak - s

]

+ /0 E[b(Zt)E{gb(XtXt / 0.0 (s, 249 ) AK (s — t)dB,

= F1 + FQ.

U W(t, Z)o(Z)(0,(0su(t, X0, O)), AK( —t)>dt}

= [ [ v Z00) [0 o006, 2% | R ARG - asat

]

+/0 E[W Z))o (Zt)E{qs”(XtXf /&cw (5. 259 ) AK (s — t)dB,

= F/1+F/2.
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From the representation formula of 9% u, we get

E [ /O L PPt K0 B (AK (- — 1), SK (- t))}dt}

T
:/E
0

+
N\ Q/\

S

L

—~

<

N

W

a3

o

N~—

N

=

w

|

=

Q.

wn
~~

T T - =t —t - =t
+/u/EP%ZEM%ﬁW@ﬁ&M&QQﬁ%@&@]EHMKN&%MMt
0 t
I:F3+F4+F5+FI+H1—|—H2.

So, in total, we get a decomposition of Ep

1 1, 1
Er=F+F+F+F+g(F+F it F)+gF + o (H+ H). (3.107)

In the following, we will analyze each terms separately since they have different structure.
In fact, we will show that the terms Fi, F5, F3, Fy, and F5 contribute to the error term
of the type || K — K||11(jo.7), whereas the terms H; and H» contribute to the error term

of the type [[(K?) — (FQ)HLI([O’T]). The term F’, slightly more technical to analyze,
leads to both types of contributions.
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Estimate of F]

The estimate for F] is straightforward. It suffices to bound the stochastic term, which

contributes an error of order ||K — K||z1(o7))-
Using Holder’s inequality directly to obtain

IFj| = Uit Z)o(Z) B¢ (X5) 0.(0%)(s, 207) | ]—}HAK(s—t)dsdt‘

= / / uw,Z)a(Z)HLz(muE[¢"<X§zx’@t> 0.(6%)(5, 22%) | Floo
0 t
X |AK (s —t)|dsdt

< sup 0t Z00(Z0) 1@ sup (16X ) 0.(0%) (5. 2% 100y

~Y
t€[0,T7] sE[t T)

//]AKs—t]dsdt

< [ 1~ Rl
0

(3.108)

o —t
follows from the relation Z; = Ztt ,© , the growth conditions on ¢ and 1, the contraction

property of conditional expectation and Lemma 3.2.53.
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Estimate of F}

Unlike F7, the term F contains a stochastic integral in which AK appears. Applying
the It6 isometry directly would lead to a time integral of (AK)?, which is not desirable.

Therefore, we introduce Malliavin calculus in the estimation, namely by applying the

conditional Malliavin integration by parts from Proposition 3.2.18, which yields

Bl =

Ig

/ 'E 0. Z00(Z) | 'E DO 0,066, 22%) | £ AR (s = s at

T — =t T —t
/ E[@Z)(t,Z)J(Z)E[(b”(X%X“e) / Optp(s, Z9 )AK (s — t)dB,
0 t

/ / [ U(t, Z,)o(Z,)E [D@”(X%X“@t)axw(s,Zﬁ’@t)‘]—"tHAK(s—t)dsdt‘

/ / sup [46(t, Z0)0(Zo)l| ey D6 (XX )0,0(5, 2 [ 1

t€[0,T]
X |AK (s —t)|dsdt
<[] s 1700wy s s 1D
t€[0,T7 t€[0,T] s€[t, T
X sup sup ||0x1/1(s,Z§’®)|]Lr(g)|AK(s—t)|dsdt
te[0,T] s€[t,T)

T
S/ | K — K| z1jo.)dt
0

follows from Lemma 3.2.53 and Corollary 3.2.65, where we apply Holder inequality
onl/p'+1/¢ =1,and 1/p+1/r = 1/p’ s.t. p € (1,2) and notice that conditional

expectation is a contraction on LP((2).

M.Sc.

(3.109)
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Estimates of I} and F,

We observe that F} and F;, have the same structure as F] and Fj. Their estimates can
therefore be obtained in the same way using Lemma 3.2.53, yielding an error of order
1 = Kl 2 o.m-

Estimate of F;

We can use a similar strategy as for F] to bound Fj3. However, now Fj involves the
integral of a product of the time integral of AK and the time integral of XK. We first
apply Fubini’s theorem to interchange the expectation and the integral, leading to

T
FgI/E
0

aZ(Z)E[ (XX ( / 0, (¥2)(s Zﬁ’@t)AK(s—t)ds)

x(/t 9, (4?) (s, 249 VS K (s — t)d ) ‘]—"tHdt

_ / / /tTE[a2<z>E[¢”<X%X“@t>8z<¢ o1, 210,07 52, 22| fH

X AK(s1 — )X K (sg — t)dsdsadt.

Using the similar techniques as before, we assert

sup sup sup < 00,

te[0,T] s1€[t,T] s2€[t,T

E|o*(Z)E [d/(x%xt’@t)amw (o1, 250,067 (s2. 24| f]]

follows from Holder inequality, the growth conditions on ¢, ¢ and Lemma 3.2.53.

Therefore, we have
T T
Fy| < Croo / / AK (51 — )SK (5 — £)|dsdsadt
t t

T T
SCw,w/ 1K = K| qodt Sup/ 5K (5 — £)]dss (3.110)

t€[0,T)
T —
< OTK’KM,/O 1K = Rl o .

Thanks to the Assumption 3.2.49 (iv), we can bound the time integral of ¥ K in the

last inequality.
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Estimate of F,

Different from Fj3, the term F} also contains a stochastic integral. Fortunately, this
stochastic integral involves X K rather than AK, which allows us to apply Itd’s isometry
directly to bound it.

First notice that the process ([, 9,¢(s, Z,)SK (s — t)d B ) cit1)
martingale since s — 0,1(s, Zs) LK (s — t) is (Fs)sep,r-adapted and left-continuous

is a (F;)rep,r)-local

on [t,T], hence (Fy)sep,r-predictable. We can thereby apply Holder inequality with
1/p+1/qg=1,1/r +1/p' +1/2 = 1/p along with Minkowsky inequality and BDG

inequality to obtain

T
F4:/E
0

UQ(Z)E{ " (X¥O ( / 0. ( Zﬁ’et)AK(s—t)ds)

x (/tT Dub(s, 249 VS K (s —t)st) ) ]—"tHdt

T B _ T .,
S [ 1@l () ( R NS t>ds)
0 t

T —t
X (/ (s, ZV9)SK (s —t)st> | La()dt

)

4 2 +,6"
< ( [ 100605, 2% ) R s - t)ds)

1/2

<( (05, 225 (SK)(s - ds) e

S sup ¢ (X500 )me Sup 10:(0*)(Ze sy sup 11059 (ZE° ) 1o

< sup [0%(Z0) ooy / (X5

te[0,7

t€(0,7] >5>1>0 T>s>t>0
T T T
X sup (/ (LK)?(s —t)ds)l/Q/ / |AK (s —t)|dsdt
te[0,T] Jt 0 t

T
< CT,K,K,¢,¢/O | K — K| 11 (jo,)dt
(3.111)
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Estimate of F;

We observe that AK appears inside the stochastic integral, which creates difficulties
in the estimation. To avoid producing a term of the form (AK)?, we instead apply
the conditional Malliavin integration by parts in Lemma 3.2.18 and Fubini’s theorem,

which yields

T
F-| E
0

02(2)1@{ XLXO ( / 0, ( Zﬁ’@t)EK(s—t)ds)
X ( /t Da(s, Zﬁ’et)AK(s—t)st> ‘Eudt

(3.112)
02(7t)E[ D, { &' (XHX0® (/ 9, (%) (s Zﬁ’gt)ds> }

x 0,(s. 2 | ﬂ]

:/OT/tTIE

AK(s —t)dsdt. (3.113)

By the product rule for the Malliavin derivative and by interchanging the Lebesgue

integral with the Malliavin derivative, we have

D{ &"(XLXO (/ 0, ( Z;”@t)ds>}

= D,¢" (X} ,X1,0 ( / dx (V) (r, Z}f’@t)EK(r — t)dr)

+ ¢ (XLXO </D {8,(4*)(r, Zﬁ’@t)}ZK(r—t)dr) . (3.114)
Combined with the calculations
D, (XbX0") = ¢ (xXO D, xbXO (3.115)
and
D, {0.(¢)(r, %)} = &2,(4*)(r, 217D, 219 (3.116)

We can now rewrite Fj into
Fy=FY+F?, (3.117)

- &t ~ ot T =t
o*(Z,)E [qf)'"(X;X“@ )D X5*° ( / O (V) (r, ZEO VS K (r — t)dr)

x Oyb(s, 240 ‘ ]—"t} AK (s — t)dsdt,

(3.118)
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t

. T —t —t
28| () ([ 250,27 S - )

x Oyp(s, 200 ( ]—“t} AK (s — t)dsdt.

(3.119)

As before, we use Corollary 3.2.64 and 3.2.65 and apply Holder’s inequality repeatedly
to bound the expectations appearing in the two double integrals. Apply Hoélder’s
inequality for 1/p+1/¢+1/r=1and 1/¢' +1/¢" +1/¢" = 1/q where ¢" € (1,2) and
the contraction property of conditional expectation, we have

T T ., ., T
O < [ [ oo g ([ o 22K i) e
0 t t

X N|0*(Z) | oo 105, Z2O )| r o AK (s — t)dsdt

< sup [|0*(Z)| 1w o) Sgp<T||0x¢( Zte)Hm S{up o™ (x5%0 )||Lq

t€[0,T]
T =t
x sup D0 ”Lq” sup || [ 0u(4?)(r, ;7 )SK (r — t)dr| o o
0<t<s<T te[o T Jt
T T
x/ / |AK (s —t)|dsdt
o Jt
T —
< CT,K,K,qs,w/ 1K — K[ L1o.4)dt
0
(3.120)
follows from Corollary 3.2.64 and the estimate
T —t
sup || [ 9.(¢*)(r, Z;% )ZK (r — 8)dr|| o g
t€[0,T t
T =t
< Sup/ ISK(r— Dldr x sup [|0:(62)(r, 228 )| ey < 0. (3.121)
te[0,7) te[0,7)
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Again, apply Holder’s inequality for 1/p+1/g+1/r=1and 1/¢' +1/¢" = 1/q where
q" € (1,2) to obtain

|7 |</ / " (X550 (/ rzt@)D ZteZK(r—t)dr> | za()

X ||o*(Z )| oo [|0a (s, Al M r@AK (s — t)dsdt
< sup ||6*(Zy)||1r) sup ||5x¢( Z59 )| 1r ) sup ||¢"(X§4Xt’e)||m'(m

tE[OT 0<t<5 tG[U
X sup ||/ (r, 24®")D,2t® SK(r = t)dr| o g
0<t<s<T
x/ / |AK (s — t)|dsdt
0 t
< Crgp SUp H/ r, 259D, 29 SK (r — t)dr| o
0<t<s<T

T T
X / / |AK (s —t)|dsdt.
o Ji

(3.122)
Combined with the estimate
sup H/ (r, 23D, 258 SK (1 — 1)dr|| 1 )
0<t<s<T
< s / 102, (62)(r, 228 )D, 288 | oy SE (r — t)dr
0<t<S<T

—t T =t
< sup [103,(¥°)(r, 29 )| o) sup / D2y 2@ SK (r — t)dr - (3.123)

0<t<rT 0<t<s<T Jt¢

T
< sup /||D Zte||L2(Q)d7")1/ X sup (/ ISK (r —t)[2dr)"/?
0<t<s<T

0<t<s<T

T
= s ([ D2 s ([ 19K = 0P <

s€[0,T) 0<t<s<T

follows from Lemma 3.2.57 and Remark 3.2.58, where we apply Holder’s inequality on
g =1/2+1/¢"
Therefore, collecting these estimates together, we conclude that

T
wusquwé|w—memw (3.124)
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Estimate of F'

The estimation of F’ is the most delicate part, since it involves the product of two

stochastic integrals, which are multiplied by the stochastic process ¢" (X7 XhXe 2 ),

pre-
venting the direct use of Itd’s isometry. As in the estimation of Fj, we first apply the
Malliavin integration by parts to remove one of the stochastic integrals. We remark
here this will yield errors of order ||[K — K || 1o,y and ||K? — F2”L1([O,T})-

Using the Malliavin integration by part in Proposition 3.2.18 on F’, we have

T
F/:/]E
0

02(25)1@{&’()('5 X168 (/ 0,0(s, ZV9 S K (s —t)dB)

x (/tT Byb(s, 249 VAK (s — t)st) ‘ ]—}H dt

(3.125)
T T . — s [T .
- / / E 02(Zt)E{ Ds{¢”(X;X“9 ) / Dpib(r, ZHO)SK (1 — t)dBr}
0 t t
x Db (s, 249 ) ]—"t] AK (s — t)dsdt.
By product rule of Malliavin calculus, we have
T _,
Ds{gb”(Xr}’X“@ ) / D, (r, Z4© )EK(r—t)dB,,}
t
w~ At ~ At T —t
= (¢"(XpX9 DX / dpt(r, ZHO VLK (1 — t)dB,
+ o (XEX® )[ 0,(s, ZM9 V2K (s — t) / W(r, 289D, 259 S K (1 — t)dB,
(3.126)

Insert (3.126) into F”, we have decomposition

T ,rT .
:/ / E 0_2 E[¢///(XtXt )D XtXt@ aww( Z;t,@)
0 t

|

o [ sleaimlron oo 2% | 2]

T =t
X / 0u(r, Z49 VUK (r — t)dB, AK (s — t)dsdt
t

A(K?)(s —t)ds

+/UT/tTE 02(Z)E{¢ (XEX9)0,00(s, 29)

T =t =t
x / 02,40(r, Z1° D, ZP° SK (r — t) AK (s — t)dsdt.

t}

(3.127)
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For the first term of (3.127), to bound the expectation inside, we apply the Holder’s
inequality with 1/p+1/q+1/r+1/u+1/r(H) =1, where r € (1,2) and r(H) =2+ ¢y
is chosen as in Corollary 3.2.60, s.t. K"#) € L' we have

sup [E
T>s>t>0

o’ (Z,)E [¢’”<X%X“® DX 0,0(s, 2

T —t
X / Opth(r, ZX9 )UK (r — t)dB,
t

)

— _— =1 — —t
< sup [|0%(Z) o) sup 0" (X ) ) sup DX || 1oy
T>5>t>0

t€[0,T7 T>s>t>0
¢ T —¢
x sup 0,05, 259 )| pui) sup || (1, ZYOVSK (1 — t)dB, || pran ()
T>s5>t>0 te[0,T7] t

T —t
< CT,¢7¢ sup E[(/ (axw)z(r’ Zﬁ@ )(ZK)Z(r - t)dT)T(H)/Q} 1/r(H)
t

t€[0,T]

—t T 1/2
< Cryg sup ||(8m¢)2(r, Z;}G )‘|2/T%H)/2(Q) sup (/ (2K>T(H) (r — t)dT‘)
t

T>r>t>0 te[0,T]

< Or g g8 < OO
(3.128)
where we also use the Minkovski’s inequality on the third inequality. So it yields an
error of order fOT 1K — K || 1o, dt-

And as before, the expectation inside the second term of (3.127) can be bounded
using Lemma 3.2.53, which yields an error of order fOT | K2 — F2||L1([07t])dt.

For the third term of (3.127), we obtain a bound for the expectation inside the double
integral. This is done by applying Hélder’s inequality with ¢ € (1,2), 1/p+1/qg =1
and 1/g=1/p'+1/¢' +1/2, and use Lemma 3.2.53 and using Lemma 3.2.53 together
with the BDG inequality. Indeed,
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]

E

~ ot —t T —t =t
*(Z,)E [¢”<X%Xt*@ 0,(s, 219) / 02,0(r, 2:5)D. 29 SK (r - 1)dB,

S

< sup [|0*(Z))|| ey
0<t<T

¥ ot —t T —t —t
o (5 0,00, 25 [ 02000 205 )D.2E S = 0B
< s [[0(Z0) ey sup 19" ey sup 0605, 2% v
0<t<T 0<t<s<T
<A [ ot ID.2:% SK (s 4B,
T =t =t
< Croul [ B[00 22)D.2° B 14 &) K2 - an

T —t —t
< CripunsKis—0([ E [(azxmr, 219D, 2:® ﬂ dr)!/?

< CrugupxgaK(s —1),

(3.129)
where we use 0 < K(z) < ¢, zK(x) on the third inequality and K is non-increasing
from Assumption 3.2.49 (iv) on the forth inequality, and Cy y , , x 7 doesn’t depend
on s and t because of the uniform bound

0<t<s<T Js

T . .
sup / E [(82961/1)2(7“, 749D, Z5° P] dr < Crpy < 00,

as we proved before by using Corollary 3.2.60 and Lemma 3.2.53.
Therefore, in total, we have

T T
— —2
|| 5/ | K — K\ILI({mthH/ I1K? = K[| 11 ot
0 0
T T
+/ / SK(s —t) x AK(s — t)dsdt (3.130)
0 t
T T
— —2
:/ ||K—K||L1([O,ﬂ)dt+2/ K2 — K| 0.y dt- (3.131)
0 0

Estimate of H, and H,

Recall that

H, = // (X“"t )82 (¢2)(3,Z§’6t)]]—}HA(KQ)(s—t)dsdt

T ,T . .
H, = / / E[O’Q(Zt)E ”(XtXt )02 W(s, 269 D X a0 |}"t”A(K2)(s—t)dsdt.
0 t
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Note that H; have same structure as Fj, and can therefore be bounded using the same
strategy, which yields an error of order fOT | K WQH Li([o)dt. As for Hy, it can be
bounded i in the same way as F by using Holder’s inequality repeatedly, since o2(Z,),
o (X7 X5Xe® ) 2 (s, Zb =) ) are uniformly bounded in LP(2) for any p > 1 by Lemma

3.2.53, and DSX;X“@ is uniformly bounded in L?(2) for p € (1,2) by Corollary 3.2.65.

Eventually, it provides an error bound of order fOT K2 - K| L1(0.4)dt as well.

Error Bound for &7

In summary, we have gathered the estimates for all the terms in the decomposition

(3.107) of Er. We can now incorporate these estimates to conclude that

T
— —2
Er] < 0/ {HK — Koy + |1K* =K |!L1([o,t1)}dt>
0

which ends the proof for the main Theorem 3.2.51.

3.2.7. Application on the Quadratic Rough Heston Model

Recall the dynamics for the log stock price X and the volatility process Z in the

quadratic rough Heston model are given by

1
dX; = —§p(Zt) dt +~/p(Zy) dW4,
¢

t
Zy= | K(t—s)b(Zs)ds+ / K(t — s)n\/p(Zs) dWs,
0 0
where b(z) = 0 — z and p(x) = a(x — b)® + ¢, a, b, c>0
We now consider the case where ( = —1/2, () = /p(z), b(z) = 0 — z, o(z) =

n+/p(z), which clearly satisfy Assumptions 3.2.49( ) and (111). The fractional kernel K
also satisﬁes the Assumption 3.2.49 (iv). Let K be an approximation for K obtained

(3.132)

from quadrature method, i.e.

N
= we ", (3.133)
=1

as introduced in Chapter 2, and let X and Zy be the approximations of X and Z

with dynamics

1
dXY = —§p(ZN)dt—}— \/p(ZN)dw, (3.134)

zN / KN (t b(ZN) ds—i—/ KN (t — s)ny/p(ZN)dW, (3.135)

where b(z) = 0 — z and p(z) = a(x — b)* + ¢, a,b,c > 0. As discussed in Remark 3.2.52

(ii), we have the following theorem.
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Theorem 3.2.70 (Error bound for the quadratic rough Heston model). If 3Ck > 0,
s.t., KN(t) < CxK(t) for any t € (0,T]. Then there exists a constant C' = Crg > 0,
for payoff function ¢ € C3, (R), we have

poly
T
[El¢(X7)] — E[p(X7)]| < C/O {1 = K oaqoay + 1162 = (K™Yl ft.

3.2.8. Weak Simulation for the Quadratic Rough Heston Model

Since we have already shown that the Markovian approximation provides a good
approximation with Ll-error of K — KV and K? — (K%)?, we next seeck an efficient
scheme to simulate the quadratic rough Heston model.

Note that there are many similarities between the rough Heston model and the
quadratic rough Heston model. We can thereby use the same strategy to construct a
weak scheme for simulating the quadratic rough Heston model, namely by applying the
Strang splitting. While we remark here the moment-matching technique is not easy to
apply, we will show it in the following.

First, we're going to simulate V; as in the Chapter 2. Replacing the kernel K by its

N —

approximation K =.%":'  w;e™" in equation (3.3) yields the SDE corresponding to

the Markovian approximation

Az = —a, (2" —zg)dt+(9—zgv)dt+n\/a(zgv —b)2 4 cdWs, Z3) =2 i=1,...,N,

follows from [AJEE19a, Theorem 3.1], where w = (w;)Y, is the vector of weights,

2o = (2})N, is any initial condition with w-zo = Zy, ZV = (ZO)Y | and ZN = w-Z}.

Rewrite it into the vector form

Az} = —diag(z) (Z) — zo) dt+ (0 —w ' ZY) 1 dt + (n\/a(wTZtN —b)? + c) 1 dW,.

(3.136)
Then we still split SDE (3.136) into two parts to avoid the effect of mean-reversion
from the deterministic part.

The deterministic part is identical to that in the rough Heston model, and is given by
Az} = —diag(z) (Z) —vo) dt + (6 —w' Z)) 1dt,
The exact solution at time h is
D(z,h) = Zy = eMz + A7 (e — 1d)b,

where
A= —1w”’ — diag(z), and b:= 01 + diag(x)wvy,

M.Sc. Thesis, TU Berlin, Institute for Mathematics, 2026 90



Yang, Runzhe On the Rough and the Quadratic Rough Heston Model

denote 1 := (1,...,1)T € RN Id € R¥*¥ is the identity matrix, and diag(z) € RV*N
is the diagonal matrix with entries . Therefore, we can simply set the scheme
D(z,h) == D(z,h).

The stochastic part is given by

dy,N = (n\/a('wTY;N — )2+ c) 1 dW,. (3.137)

We can still consider the the inner product of the SDE (3.137) with w to get the SDE

dY; = nwv/a(Y; — b)? + cdWy, Yo=w-z. (3.138)

Since it no longer coincides with the CIR equation in [LM20], unlike in the rough Heston
model, we need to apply the moment-matching technique to obtain an approximation.
This requires choosing suitable parameters again.

Next we try to construct a scheme S for approximating Y, by following the moment-
matching technique in [LM20]. Denote « := aw?n? and 3 := cw’n?, we first write down
the diffusion generator for SDE (3.138)

Lf(z) =5 (alz = b)*+ 8) f"(s),

N | —

1

L*f(z) = 1

(a(z = b)* + B) [2af"(z) + da(z — b) f"(z) + (a(z — b)* + B) f"(s)] .

Assume Y is our required second order approximation starting at y = w - z, then it
should satisty: for f € C

pol

Raf(s) = B(/(F2)) — [F(0) + hLF(w) + o L2 ()] = O08").

By Taylor expansion of f (?h) at y, we have

PO 15—y - 0+ 20 (aly

Rsf(y) =f' (9ETn —y) + —0)° +5)]

f6< )[ E[(Y — )*] = 3ah*(y — b) (aly — b)* + B)]
i 2 (3.139)
i Bl — )] 30 (aly —0)* + 5)
%) ~
L 5!(y)IE[(Yh =)’ + 7y, h),

where |r(y, h)| = 5|E [th FO(s)(Vi = )°ds]| < FEmaxy. 5, [/ (5)(Vi = 9.
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So Y should satisfy

(T~ )" = (h+ 20 (aly — b2+ 6) + O01),

B[V —)'] = 3ah*(y =) (aly - b +6) + OG) (3.140)
E[(Ys —y)"] = 3h% (a(y — b)* + B)" + O(h®),

E[(Yi. — )] = O(h*),

B[ max [/9(s)|(Va = )] = O(")

We can equivalently replace the condition E[max,_, ¢ |f (6)(s)|(}/}h — 5)% = O(h®) with
E[(Yh - 5)°] = O(h%).

Since if we choose a three- or four-valued random variable Y to approximate Y, then Y
will be bounded.
Let v := a(y — b)?> + 3, we can then express all these conditions on non-central

moments in terms of conditions on central moments.

E[Y,] = y + O(h%),
E[Y?] = y* + (h + ghQ)v + O(h?),

E[V7) = o* + 3y(h+ §h% )y + 3ah*(y — b)y + O(h?),

E[Y,!] = y* + 6y° (h + %h2>7 +120h2y(y — b)y + 3h2y2 + O(h®), S
E[Y?] = ¢° + 10y3<h + %h2>7 + 30ah?y*(y — b)y + 15h2yy? + O(h®),
E[Y?] = ¢ + 15y (h + %h2>fy + 60ahy (y — b)y + 45h%y%2 + O(R).
Next we denote

my =y,

Mo = y* + <h + gh2>7,

s =y + 3y <h + %h2)7 4 3ah?(y — by,

(3.142)

g = y' + 6y° (h -+ $h%) 7 + 120h%y(y — by + 3h*72,
s = y° + 10y° <h + %h2>7 + 30ah?y?(y — b)y + 15R%*y~?,

me = y° + 15y* <h + %h2>7 + 60ah?y®(y — b)y + 45h%y*~>.
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Therefore, it suffices to look for a three-valued random variable EA/h taking three values

x1, T2 and x3 with probabilities p;, ps and p3 such that

E[(Y})] = m; + O(h®), i=1,2...,6.
We remark that the values x; need not be non-negative, since Y; is allowed to take
negative values. This is unlike the rough Heston model, where the volatility must

remain non-negative, and therefore simplifies the implementation compared with the

rough Heston model. Therefore, we’re going to solve the system
xllpl + xZQPZ + Jl'épg = m’ia 1= 17 27 37

with respect to unknowns 1, xe, 3. In [LM20], solutions for p; were obtained, expressed
in terms of z;

. T/T\Lll'ng — T?Lg(l'g -+ 1’3) + ﬁ”&g

p o
! x1(x3 — 11) (20 — 21) ’
. ﬁlg(xl + 1’3) — 7/7\111'1.133 — 7/7\7/3
D2 = )
$2($2 - $1)($U3 - $2)
Dy = M9 — Ma(T1 + T2) + My
3 =

ZE3(I3 — [Eg)(l’g — I1>
In our context, we aim to express z;s in terms of ps, since x; can take arbitrary values,
whereas p; must remain non-negative. This, however, is a very difficult task. Hence, we

choose the values of x; to ensure that p; remain non-negative and satisfy

E[(Y,)] = m; + O(h®), i=4,..6

as well. In [LM20], the values x}s are chosen in the form

2
r13 =2+ (A+2>ZZF (3$+<A+Z) >z, To =2+ Az,

where A € [3/4,3/2]. We remark that the generic forms of the solutions z; proposed by

the authors in [LM20| are quite reasonable and are given by

ri3=c+ A1z F(Br+Cz)z, 9 =12+ Asz. (3.143)

Recall the moments m; in [LM20] are given by

7//fll =,

My = 22 + 22,

~ 3

mg = 2% + 32?2 + —x2?,
2 (3.144)
My = z* + 622 + 92222,
ms = x° 4+ 1022 + 302322,

me = 2% + 152°2 + That2?,
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where we ignore the residual terms O(h3). And for each k, we observe 7, is a homoge-
neous polynomial p(z, z) of degree k. The solutions (3.143) can thus be interpreted as
consisting of a first-order contribution, so that all the p; contribute zero order. We thus
denote
A% = (h+ %hz)'y, B3 :=3ah*(y — b)y,

then the equations (3.142) can be reduced to

ml =Y,

m? = 92 + A27

ms = 1y° + 3yA® + B?
(3.145)
my = y* + 6y°A? + 4B> + 3h%42,
ms = y° + 10y> A% + 10B% + 15h%y~?,
me = y° + 15y* A% + 208> + 45h%y*+>.
In our case, although we only need to guarantee the non-negativity of p;, it remains a
technically challenging and lengthy task. Even with the help of MAPLE, the introduction
of three additional parameters a, b and ¢ and the quadratic transformation on the
volatility term implies that, for each k, my is a homogeneous polynomial p(A, B,y,~, h)
of degree k. Hence, the algebraic computations are computationally intensive, even
though the procedure is theoretically feasible.
Similarly, observing that y and B appear only in the form of power terms in the

equations, we can propose that the solutions x; have forms in the following

T13 =y + k1A + ko B+ kyy + kah F /(ksy + ke A + kry + kgh) (y + ko B),
Ty =y + k1A + kB + kiy + K)h

with undetermined k; and k.. Although we could consider a four-valued random variable
to gain more freedom, it remains technically challenging to solve, even with the help of
MAPLE.

Since our goal is to derive a second-order approximation for Y, we can consider either
a stochastic Runge-Kutta scheme or a stochastic weak Taylor scheme. We first perform

moment matching on the increments of the Brownian motion AW. Define

+V3, p=1/6,
=140, p=2/3,
_\/37 p = 1/67

which is a three-valued random variable satisfying

AW, ~ VhE
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in the sense of
E[(AW,)*] = E[(VRE)*]  for k=1,2,3,4.

Therefore, since they both have identical moments up to degree four, this results in a
second-order weak scheme for Y when replacing AW is replaced in the second-order
weak Taylor scheme for YV, see [KP92, Section 14.2|, which provides a second order
weak Taylor scheme for SDEs. In our setting, the corresponding scheme for the SDE
(3.137) is given by

— 2
o~ . ~ . -~ aw <>
YZ’L«}»I :Y;fln + V p(YtiV) AW + 277 (wT ' Ytiv - b)[(AW)Q - At]

9 — —\2 T, i}N —b 2
O Sy - ) (w ¥, —b) JAWAL—AZ],  (3.146)
2 " 2 VN
p(Y,,))

fori =1,2,...,N, where AW =W, ., — W, , At =t,41 —t, and AZ is the double Ito

integral
tn+1 s
[170 = / / dWr ds.
tn tﬂ/

Following the argument in [KP92, Section 14.2] and applying moment-matching tech-
niques, we replace AW with /At £ and AZ with @ &. We then rewrite the scheme

into

T2
~ . ~ . ~ aw S
Vi, =Y+ my/p¥) VAt + ShT - Y)Y - p)at € - A

a® [T (am)? (WYY —b)?

+ 0 (P - = ) (VA g, (3.147)
plry,

for i = 1,2,..., N. Since the diffusion coefficient y/p(x) in our model is smooth and
Lipschitz, [KP92, Theorem 14.2.4| guarantees that this scheme achieves second-order
weak convergence. We denote this scheme by S (y, At), i.e.,

A~

YN = 5(YN, A,

tn+1

for i =0,1,..., N — 1. Finally, combining the schemes for drift and diffusion via Strang

A(z,h) =D (§ (f) <z, g) ,h) g) , (3.148)

for approximating Zj given z.

splitting yields

We thus obtain a simulation algorithm for the quadratic rough Heston model, defined
by
ZN7M = A/(Z57M,tj+1—tj>, j:O,...,M—l,

tir1
where 0 =ty < t; < --- < tp; = T. Unlike in the rough Heston model, this scheme is

always well-defined, as Z is not required to be non-negative in our setting.
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Theorem 3.2.71. The scheme A'(z, h) = D (§ (f? (z,%) ,h) ,%) defined in (3.148)

has second order weak rate.

Proof. First, note that the scheme A’ achieves a potential second-order weak convergence
rate by the argument above. The uniform boundedness follows from the fact that \/m
is a Lipschitz function with a positive lower bound. Hence, the scheme exhibits a strongly
potential second-order weak rate.

Recall that the main difficulty in the rough Heston model lies in establishing polyno-
mial estimates for the derivatives of the solution of the Cauchy problem, i.e., Theorem
2.2.10 (ii). This is difficult to prove for the rough Heston model; however, thanks
to Remark 2.2.11 (i), the quadratic rough Heston model automatically satisfies this
condition. Therefore, we can conclude that the scheme A’ indeed achieves second-order

weak convergence. O]

Having obtained the scheme A’ for simulating Z, we now derive a scheme for simulating
SN Note that the source of randomness for the stock price S comes solely from the
Brownian motion W, which is the same as for Z. Hence, for simulating S%, we only
need to treat the same challenging part as in Section 2.2.4, which means that we can
follow the same strategy as in Section 2.2.4.

We remark that one could also introduce another independent Brownian motion B

and define the dynamics of the stock price S as

dsS; = Si\/p(Zy) (des +V1 - deBS> ,

as in the rough Heston model. The proof of Theorem 3.2.70 remains valid under this
modification.

As in the Section 2.2.4, we first define the processes
Y, = / z9qt,  i=1,...,N, (3.149)
0
t
Y@ = / (Z,)2dt, (3.150)
0
where Z, = w' - Z,. And note that the solution S to
dSN = SNy JVNAW,

is given by
t 1 t
Sy = Spexp (/ VVNAW, — 5/ V;,Nds) ,
0 0

where V; = p(Z;). And we notice that the latter term in the exponent is the linear
combination of Y and Y@, So the weak scheme S for the stock price S may depend
on 2, Y® and Y.
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The SDE S((s, z,y™,y®), h) is then given by
dS; = v/ ‘/tSttha Vi = p(Zy), So = s,
dy" =z0at, v\ =y,
dY(Q) Zth }/0(2) — y(2)’
Az = —;(Z9 — 2Nt + (0 — Z)dt + g/ p(Z)aw,,  Z8) = 20,
For approximating S;, we first approximate Z by Zh = A (z,h). Then, we approximate
Y™ and Y® by using the trapezoidal rule, i.e.
Y = yW 4 h(z+ Z,)/2
and
Y = y® L b2+ (w- Z))?)/2.

Next, we aim to express Sy in terms of Zj,, Yh(l) and Yh(z), in the form

N
S, = sexp <at + 3 0 = V) v (@ - v + Z ci(Z =z )
=1
(3.151)

Using It6’s formula, we obtain

N
S, = S, adt+2bidyt<“ bd Y(2)+Z Azt 4 = chcj AN AUR

z]l

N
(a—i—Zc,x 2 —|—HZCZ ab2+c)20icj> dt

]

+ Z < — G — wlzcj — abn*w; Z Cjck> ‘)dt

7,k=1

+ (% > e — b’) Zfdt+n;ci\/vtdwt :

jk=1

To preserve the SDE S, we thus require that

N
a—i—Zczsz —I—GZCZ ab2—|—c)Zcicj:O,

ij
— it — wzg cj—abnwl g cicp =0, 1=1,...,N,
7,k=1

% Z ciep = =0,
jk=1
N
nz c; = 1.
i=1
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Since a, n > 0, we can reduce these equations to

N N
i v
a+ E cixizé)—keg ci—l—g(abz—kc):o,
i=1 i=1

N
bi—cixi—wich:2bb’wi, izl,...7N,
j=1
Y o
N

Zcz- =1/n.

i=1
It’s achieved with
N
_ PNORE N Y E

a=— Zz:; CiTizg i (ab® + ¢),
Wy )

b; = c;x; + — + abwy, i1=1,...,N,
n

vV =a/2,
al 1
=1 77

Observe that the last equation admits multiple solutions. We aim to choose (¢;) so
that the representation (3.151) is numerically as stable as possible. Following the
approach in [BB23al, to mitigate the mean-reversion effects from & (noting that the two
models share the same deterministic component inducing mean-reversion), we select a

reasonable and potentially effective choice, given by

1
= -, c¢i =0, 1=2,...,N. (3.152)
Ui
This further yields
<x1z(()1) + 9) 1
o = —T — 5(&[)2 + C),

bzzﬂcsl—l—%—l—abw“ 2217,N
n N

Therefore, we get the solution

(1)
x125 +0 1 1
—( 1 ) — 5(@[)2 + C))t + (Gb + 5)(515(1) - )0(1)>

Sy = sexp ((—

R

+ -
n 2 n
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where Y, = w - Y.
Hence, we approximate the solution of the SDE S using the algorithm S , given by

Z, = Al(z,h),

(1)
R T1z5 +0 1 1 ~
S, = sexp ((_u — 5(ab* +)h + (ab+ S -y )
n

700 _ 0
FO_y@y L = )

L1 ,$>(1,1) (1,1) a
Y, -V i
+ 77( h o) 5 7

Since A’ is second order scheme, as proved in Theorem 3.2.71, and ?(1), Y® are
computed using the trapezoidal rule, the scheme S might be also of second order.

And we remark here even if the dynamics of S are extended to

dS; = Si/p(Zy) (des +4/1— deBS> ,

the same splitting scheme (e.g., randomized Leapfrog splitting as in Section 2.2.4) can
be applied to obtain a second-order weak scheme.
Consequently, we obtain a second-order weak scheme for (S, V), denoted by (S, V).
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4. Numerics

In this chapter, we first verify numerically that the weak scheme A introduced in Section
2.2.4 exhibits second-order weak convergence, and we provide numerical illustrations
related to the discussion in Section 2.2.6. We then simulate sample paths of the
quadratic rough Heston model using the Euler-Markovian scheme and the weak scheme

derived in Section 3.2.8, and compare their convergence efficiency.

4.1. Weak Simulation for the Rough Heston Model

In the following, we will price various kinds of vanilla and exotic options under different
N in the rough Heston model. In all our examples, we used the same parameters as in
|Gat22, Section 4.2] and [BB23a, Section 3|, namely

A=03, v=03, 0=0.02 V,=0.02 p=—-0.7, Sy =1,

while the values for N, T and H will vary. And we also need to choose one kind
of Markovian approximation K~ of K of the form (2.3) for our weak scheme. The
paper [BB23c| indicates the algorithm "BL2" shows promising results and it’s more
robust. Hence, we will use the approximations K~ generated by this algorithm BL2.
Throughout, we will explicitly write down the nodes & and weights w that were

generated using BL2.

4.1.1. European Call Options

We consider European call options as our first example since it’s the easiest kind of
options. Note that the characteristic functions of the stock price in the rough Heston
model and its Markovian approximation are known in semi-closed form, we can compute
reference prices using Fourier inversion, as showed in [AJEE19b|. Our goal is then to
numerically observe convergence rates for the weak scheme under N = 2, 3,4 as the
number of time steps M — oo.

In Figure 4.1, we display the implied volatility smiles of European call options
generated by the weak scheme for N = 2, 3,4 with a fixed number of time steps M = 32.
We observe that the schemes with N = 2 and N = 3 are sufficiently accurate, so that

their implied volatility smiles are practically indistinguishable from the reference curve
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Implied volatility for European call options
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Figure 4.1.: Implied volatility smiles for European call option using m = 2% samples
and M = 32 time steps, with H = 0.1, T' = 1, and using the nodes and
weights given in Table 4.1 for N = 2,3,4. The exact rough Heston smile
(black) is obtained by Fourier inversion are not visible because it almost
overlaps with the smiles from the weak scheme under N = 2 (red) and the

weak scheme under N = 3 (green).

in the plot. By contrast, the scheme with N = 4 still exhibits a noticeable deviation
for in-the-money strikes. This is mainly because the scheme with N = 4 employs
a relatively large node xy,x = 175.38958 in Table 4.1, which induces strong mean
reversion from x.

Next, we investigate the numerical convergence rates of the implied volatility (IV)
smiles under the weak scheme. One important issue to note is that the Monte Carlo
(MC) error can be a major limiting factor. If the MC error is too large, it may dominate
the total error and thus prevent us from accurately identifying the convergence rate.

In Figure 4.2, which shows the approximate IV smiles together with the reference
smiles on the interval [—1.5,0.75], we observe that the MC error becomes significantly
larger near the left and right boundaries. To mitigate this effect, we restrict the log-
moneyness to the interval [—0.05,0.1] and consider 30 linearly spaced points within this
range.

Furthermore, to reduce the sampling error, we employ randomized quasi-Monte Carlo
(RQMC) methods introduced in [L’E09] instead of standard MC. The total number of
samples is given by m = my - ms, where ms denotes the number of Sobol points used,
and m; is the number of random shifts applied to these Sobol points.

We consider two different Hurst parameters, namely H = 0.1 and H = —0.2. For each
case, we use N =2, N =3, and N = 4 dimensions in the Markovian approximation of
V. The corresponding nodes and weights are reported in Table 4.1.

The results for H = 0.1 are reported in Table 4.2 and illustrated in Figure 4.3. We

observe second-order convergence in the middle region of the three curves. In the
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Figure 4.2.: Implied volatility smiles for European call option using m = 22 samples

and M = 1024 time steps, with H = 0.1, T = 1, and using the nodes
and weights given in Table 4.1 for N = 2,3,4 with MC method. And
log-moneyness stays in [—1.5,0.75] with 450 linearly spaced values.

H=01,H=-02 with N=2, N=3and N = 4.

M.Sc. Thesis, TU Berlin, Institute for Mathematics, 2026

N =2 N=3 N =4

Nodes | Weights Nodes Weights Nodes Weights

0.05000 | 0.76733 | 0.033333 | 0.55543 0.02500 0.17062

H— 01 8.71709 | 3.22943 | 2.24161 1.11096 0.70001 0.99788
46.83081 | 6.08578 9.59468 1.67259

175.38958 | 10.29837

1.66312 | 1.34831 | 1.37409 | 1.13509 1.19406 1.00577

H— 09 36.27832 | 9.38907 | 19.38019 | 4.89048 | 13.84629 3.38902
299.63589 | 40.98515 | 125.09583 | 17.66860
1911.61912 | 149.95173

Table 4.1.: Nodes and weights from the algorithm BL2 in [BB23c| for T" = 1 and
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rightmost region (i.e., for sufficiently large M), however, the curves are strongly affected
by the MC error, which lies in the range (0.05,0.1). This occurs because the Markovian
approximation errors of the schemes with N = 2, 3,4 are all significantly smaller than
the MC error. Consequently, the total error eventually fluctuates around the MC error
(and may even increase, e.g., for N = 2) or decreases only at a very slow rate.

Furthermore, by comparing the cases N = 2, N = 3, and N = 4, we observe
that higher dimensions initially lead to slower convergence in the early stage, namely
when M < 64. This effect is likely caused by the larger nodes (i.e., stronger mean
reversion) appearing in higher-dimensional approximations, although the Markovian
approximation error itself decreases as N increases.

Indeed, the weak scheme appears to require at least M > 8 (for N = 2), M > 16 (for
N =3), and M > 64 (for N = 4) time steps to approach its expected second-order
convergence rate. This threshold increases with the size of the largest nodes, which are
8.71709, 46.83081, and 175.38958, respectively. Hence, when choosing the dimension /V,
there is a clear trade-off between achieving a more accurate Markovian approximation
and maintaining an accurate time discretization.

To further isolate the effect of MC errors, we also investigate the discretization errors
of the weak schemes for N = 2, 3,4, reported in Table 4.3 and illustrated in Figure 4.4.
The curves relatively clearly exhibit second-order convergence, although MC errors still
affect the rightmost region, causing some instability.

Since it is difficult to determine the optimal pair (N, M) analytically (see Section
2.2.6), we present Figure 4.5 to illustrate the maximal relative error (over strikes) versus
the computational time. We observe that, for a fixed error level, the computational
time increases with N. Conversely, achieving a smaller error generally requires a larger
value of N. It should also be noted that these results are still significantly influenced
by MC errors.

The results for the Hurst parameter H = —0.2 are reported in Table 4.4 and illustrated
in Figure 4.6, where the nodes and weights listed in Table 4.1 are used for N = 2,3, 4.
This corresponds to a much rougher regime, in which the rough Heston model can only
be defined in a weak sense; see [AJDC23|. Nevertheless, the Markovian approximations
remain standard SDEs.

In this regime, the Markovian approximation errors are larger and the corresponding
nodes are also larger, leading to stronger mean reversion effects. Consequently, we
restrict the log-moneyness to the interval [0,0.1] and consider 10 linearly spaced values.
In this setting, the Markovian approximation error becomes the dominant component
of the total error, making the convergence behavior of the weak schemes for N = 2, 3,4
in Figure 4.6 easier to distinguish.

From the Figure 4.6, we observe that at least M > 16 (for N = 2), M > 64 (for
N =3), and M > 512 (for N = 4) time steps are required for the schemes to approach
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N=2 N=3 N=141

M Error Time Error Time Error Time
1 15.72 3.29 19.35 3.46 20.94 3.68

2 10.09 6.01 15.34 6.25 18.01 6.78

4 5.266 12.17 10.59 12.14 14.42 12.86
8 2.100 22.92 5.970 23.56 9.994 25.33
16 | 0.6498 | 45.24 2.714 47.07 5.800 50.45
32 | 0.1938 | 90.44 | 0.9563 | 94.00 2.840 | 100.96
64 | 0.0454 | 182.43 | 0.2634 | 189.06 | 1.138 | 202.00
128 | 0.0356 | 364.99 | 0.0717 | 381.55 | 0.3467 | 407.69
256 | 0.0403 | 721.15 | 0.0345 | 748.65 | 0.1592 | 799.72
512 | 0.0223 | 1493.84 | 0.0343 | 1553.11 | 0.0504 | 1648.48
1024 | 0.0372 | 3274.23 | 0.0326 | 3398.14 | 0.0507 | 3611.27

Table 4.2.: Maximal (over the strike) relative errors in % and computation time in s for
the implied volatility smiles for European call option, where H = 0.1. The
error of the Markovian approximation is 0.01232% for N = 2, 0.009917% for
N = 3 and 0.001733% for N = 4. Most of the MC errors are under 0.05%
and at most 0.07416%, where we used m = 64 - 21" RQMC samples.

N=2|N=3|N=14

M Error | Error | Error
1 15.71 | 19.34 | 20.94

2 10.08 | 15.34 | 18.01

4 5.254 | 10.58 | 14.42

8 2.088 | 5.964 | 9.994

16 | 0.6376 | 2.708 | 5.800

32 1 0.2022 | 0.9663 | 2.840
64 | 0.0534 | 0.2733 | 1.140
128 | 0.0440 | 0.0817 | 0.3460
256 | 0.0280 | 0.0284 | 0.1585
512 | 0.0347 | 0.0244 | 0.0498
1024 | 0.0288 | 0.0227 | 0.0500

Table 4.3.: Discretization relative errors in % for the implied volatility smiles for Euro-
pean call option, where H = 0.1. The error of the Markovian approximation
is 0.01232% for N = 2, 0.009917% for N = 3 and 0.001733% for N = 4.
Most of the MC errors are under 0.05% and at most 0.07416%, where we
used m = 64 - 2!" RQMC samples.
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Maximal relative errors of IV smiles with H=0.1
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Figure 4.3.: Errors of implied volatility smiles of European call option with H = 0.1
under N = 2,3,4. The horizontal (blue/green/red) lines are the error of
the Markovian approximation, while the vertical lines (blue/green/red)
are the nodes = (x > 1) under N = 2,3,4. The solid (blue/green/red)
lines represent the maximal errors between the true smile and the smile
using simulation. The dashed (blue/green/red) lines indicate the 95% MC

confidence intervals of these errors.

second-order convergence. In the final few steps for N = 2, however, the error remains
almost constant (and may even fluctuate around the same level), which is caused by
the MC error becoming dominant as the number of time steps increases.

We also report the maximal relative discretization errors of the weak schemes for
N =2,3,4 in Table 4.5 and Figure 4.7, and present Figure 4.8 to illustrate the maximal
relative error (over strikes) versus the computational time. The middle region of
the three curves in Figure 4.7 also exhibits second-order convergence. Moreover, the
curves corresponding to N = 3 and N = 4 show a clear tendency toward second-order
convergence as M increases.

From Figure 4.8, we observe that the weak scheme with N = 2 is the most efficient
for achieving errors above 0.01%. However, for the schemes with N = 2 and N = 3,
increasing the computational time beyond a certain point may lead to an increase in
the maximal relative error. This behavior is mainly caused by the growing influence of

MC errors, as the number of samples is also increased.

4.1.2. Implied Volatility Surfaces

Next, we consider the entire implied volatility surface of European call options. Under

the standard set of parameters, we take the maturities and log-strikes as
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M | Error | Time Error Time Error Time
1 25.89 2.04 28.52 1.80 29.34 1.80
2 24.26 3.45 29.34 2.95 30.49 2.97
4 18.59 6.10 27.82 5.21 30.21 5.41
8
16
32

11.33 | 11.20 24.49 9.83 29.19 10.15
5.001 | 21.88 19.14 18.98 27.16 19.74
1.647 | 43.16 12.65 36.58 23.65 38.82
64 | 1.868 | 82.69 6.659 74.93 18.34 78.02
128 | 2.003 | 166.62 | 2.562 | 153.44 | 12.09 | 161.16
256 | 1.992 | 324.82 | 0.9721 | 312.23 6.71 333.82
012 | 1.947 | 647.30 | 1.031 | 630.15 | 2.843 | 676.33
1024 | 1.984 | 1303.32 | 1.033 | 1291.18 | 0.8904 | 1453.01

Table 4.4.: Maximal (over the strike) relative errors in % and computation time in s
for the implied volatility smiles of European call options with H = —0.2.
The Markovian errors are 2.043% for N = 2, 1.063% for N = 3, and 0.603%
for N = 4. Most of the MC errors are below 0.13% and at most 0.1544%,
where we used m = 25 - 217 RQMC samples.

N=2|N=3|N=4

M Error | Error | Error
1 25.72 | 28.46 | 29.30
2 24.08 | 29.27 | 30.45
4 18.40 | 27.75 | 30.18
8
16
32

11.13 | 24.42 | 29.16
4.784 | 19.07 | 27.13
1.465 | 12.57 | 23.62
64 | 0.389 | 0.3084 | 18.30
128 | 0.0962 | 2.468 | 12.05
256 | 0.0664 | 0.6382 | 6.664
512 | 0.0944 | 0.153 | 2.794
1024 | 0.0573 | 0.0301 | 0.8414

Table 4.5.: Maximal relative discretization errors in % for the implied volatility smiles
for European call options with H = —0.2. The Markovian error is 2.043%
for N =2, 1.063% for N = 3 and 0.603% for N = 4. Most of the MC errors
are below 0.13% and at most 0.1544%, and we used m = 25 - 2! RQMC

samples.
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Maximal relative discretization error of IV smiles with H=0.1
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Figure 4.4.: Maximal relative discretization errors of implied volatility smiles for Eu-
ropean call options with H = 0.1 under N = 2,3,4. The solid (blue/-
green/red) lines represent the maximal relative discretization errors between

the true smile and the smile using simulation

Nodes | 0.20000 | 34.86835 Nodes | 0.08399 | 5.64851 | 118.00625
Weights | 1.33599 | 5.62277 Weights | 0.80386 | 1.60786 | 8.80776

Table 4.6.: Nodes and weights from the algorithm BL2 in [BB23c| for H = 0.1, the
vector of maturities 7' = (1/16,2/16,...,1), and N = 2,3.

and let k@ lie in the interval [—0.05,0.05], with 10 linearly spaced values for each
1=1,...,16.

Furthermore, the corresponding nodes and weights obtained using the BL2 quadrature
rule for the above maturity vector with N = 2, N = 3, and N = 4 are reported in
Tables 4.6 and 4.7. Since we consider the entire vector of maturities, we adapt the BL2
algorithm as recommended in [BB23a, Section 3.3.2].

In Figure 4.9, we display the implied volatility surfaces produced by the weak scheme
for N = 2,3,4 with a fixed number of time steps M = 1024. Since the figure is
three-dimensional, the differences between the surfaces are not easily distinguishable.
The quantitative results are therefore reported in Table 4.8 and illustrated in Figure
4.10.

Overall, the schemes with different values of N exhibit similar convergence behavior.

In particular, the weak scheme approaches the expected second-order convergence rate

Nodes | 0.05000 | 1.40001 | 19.18936 | 350.77917
Weights | 0.22513 | 1.31672 | 2.20700 | 13.58878

Table 4.7.: Nodes and weights from the algorithm BL2 in [BB23c| for H = 0.1, the
vector of maturities 7' = (1/16,2/16,...,1), and N = 4.

M.Sc. Thesis, TU Berlin, Institute for Mathematics, 2026 107



Yang, Runzhe On the Rough and the Quadratic Rough Heston Model

Maximal relative error of IV smiles with H=0.1
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Figure 4.5.: Maximal relative errors of implied volatility smiles for European call options
versus computation time, with H = 0.1 under N = 2,3,4. The solid
(blue/green/red) lines represent the maximal relative errors between the

true smile and the smile using simulation

when the number of time steps satisfies M > 32, M > 64, and M > 128 for N = 2,
N =3, and N = 4, respectively.

N =2 N=3 N =1

M | Error | Time | Error | Time | Error | Time
16 | 9.899 | 12.22 | 14.87 | 13.09 | 19.28 | 12.70
32 | 4.663 | 20.88 | 8.423 | 21.12 | 13.15 | 20.82
64 | 2.194 | 36.82 | 3.691 | 37.59 | 7.144 | 37.36
128 | 1.581 | 68.08 | 1.221 | 74.41 | 3.076 | 72.22
256 | 1.717 | 135.84 | 0.4427 | 140.52 | 0.8642 | 144.35
512 | 1.619 | 268.20 | 0.2364 | 276.17 | 0.2472 | 285.91
1024 | 1.624 | 566.71 | 0.2204 | 577.21 | 0.2561 | 598.95

Table 4.8.: Maximal (over the strikes and maturities) relative errors in % for the implied
volatility surfaces. The error of the Markovian approximation are 1.63% for
N =2,0.1867% for N = 3, and 0.1841% for N = 4. Most of the MC errors
are below 0.23%., where we used m = 25 - 217 RQMC samples.

In Table 4.9 and Figure 4.11, we report the discretization errors for the weak schemes
with N = 2, 3,4, while Figure 4.12 illustrates the maximal relative errors (over both
strikes and maturities) versus computational time. In the middle region of all three
curves in Figure 4.11, second-order convergence can be roughly observed. However, as
M increases further, the error decay slows down, indicating that the total error becomes
increasingly dominated by the MC error component. Figure 4.12 exhibits a behavior
similar to that observed for the implied volatility smiles with H = 0.1. But note that
in this figure, only the range M = 16 to M = 1024 is displayed.
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Maximal relative errors of IV smiles with H=-0.2
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Figure 4.6.: Maximal relative error of implied volatility smiles of European call options
with H = —0.2 under N = 2,3,4. The horizontal (blue/green/red) lines
are the error of the Markovian approximation, while the vertical lines
(blue/green/red) are the nodes z (z > 1) under N = 2,3,4. The solid
(blue/green/red) lines represent the maximal errors between the true smile
and the smile using simulation. The dashed (blue/green/red) lines indicate

the 95% MC confidence intervals of these errors.

4.1.3. Geometric Asian Options

Here, we also apply the weak scheme to a path-dependent option, namely geometric
Asian options. We remark that [BB23c| highlights an important advantage of geometric
Asian options in the rough Heston model: the Fourier transform of the random variable
fOT log(.S;), dt is available in semi-explicit form. This allows for an efficient computation
of reference prices, which can then be compared with our simulation results. And given
the simulated sample paths, the Asian option prices are computed using the trapezoidal
rule in the following.

Under the same set of parameters, we consider a maturity 7" = 1 and log-strikes K
in the interval [—0.05,0.05], with 20 linearly spaced values. We again report numerical
results based on the Markovian approximations with dimensions N = 2,3, 4, using the

same nodes and weights as in Table 4.1 for the implied volatility smiles.
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Maximal relative discretization error of IV smiles with H=-0.2
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Figure 4.7.: Maximal relative discretization errors of implied volatility smiles for Eu-
ropean call options with H = —0.2 under N = 2,3,4. The solid (blue/-
green/red) lines represent the maximal relative discretization errors between

the true smile and the smile using simulation.

N=2|N=3|N=4
M Error | Error | Error
16 9.449 | 14.76 | 19.32
32 4.142 | 8.301 | 13.19
64 1.408 | 3.563 | 7.192
128 | 0.397 | 1.093 | 3.126
256 | 0.2436 | 0.3213 | 0.9274
512 | 0.1366 | 0.1794 | 0.236
1024 | 0.1186 | 0.1141 | 0.2282

Table 4.9.: Maximal relative discretization errors in % for the implied volatility surfaces
for European call options with H = 0.1. The Markovian error is 1.63% for
N =2,0.1867% for N = 3 and 0.1841% for N = 4. Most of the MC errors
are below 0.23%, where we use m = 25 - 217 RQMC samples.

In Figure 4.13, we display the implied volatility smiles generated by the weak scheme
for N = 2,3,4 with a fixed number of time steps M = 32. As in the case of European
call options, the schemes with N = 2 and N = 3 are more accurate than the scheme
with N = 4. This is due to the stronger mean reversion induced by the larger maximal
node . = 175.38958 used when N = 4.

The numerical results are reported in Table 4.10 and illustrated in Figure 4.14. We
observe that the weak schemes approach second-order convergence for M > 8, M > 128,
and M > 128 time steps for N =2, N = 3, and N = 4, respectively. However, all curves
gradually exhibit a slowdown in convergence and eventually approach a first-order rate

as M becomes large.

M.Sc. Thesis, TU Berlin, Institute for Mathematics, 2026 110



Yang, Runzhe

On the Rough and the Quadratic Rough Heston Model

Maximal relative error of IV smiles with H=-0.2

107! 5

1072 4

1073 4

1074 5

Maximal relative error

1072 | usness

1054

--- Rate 1

Rate 2
—8— N=2
—e— N=3
—— N=4

10!

Computation time

T
10°

Figure 4.8.: Maximal relative errors of implied volatility smiles for European call options
versus computation time, with H = —0.2 under N = 2,3,4. The solid

(blue/green/red) lines represent the maximal errors between the true smile

and the smile using simulation.

N =2 N =3 N =4
M Error Time Error Time Error Time
1 30.11 2.42 33.68 2.13 35.01 2.25
2 14.04 3.22 19.22 3.34 21.81 3.54
4 6.967 5.65 12.44 5.86 16.22 6.19
8 3.403 10.36 7.10 10.85 11.20 11.50
16 1.219 19.97 5.364 21.19 6.734 22.67
32 | 0.5047 | 40.00 2.567 43.64 5.234 46.50
64 | 0.4053 | 84.09 0.8136 88.77 2.943 95.80
128 | 0.3524 | 176.27 | 0.2734 | 183.82 | 0.928 | 197.66
256 | 0.6458 | 272.84 | 0.06947 | 295.24 | 0.2791 | 304.82
512 | 0.6135 | 808.74 | 0.05072 | 881.52 | 0.178 | 918.61
1024 | 0.6032 | 1223.68 | 0.02217 | 1493.25 | 0.1189 | 1558.14

Table 4.10.: Maximal (over the strikes) relative errors in % and computation time in
s for the implied volatility smiles of geometric Asian call options with
H = 0.1. The Markovian errors are 0.5291% for N = 2, 0.01256% for
N = 3, and 0.003018% for N = 4. Most of the MC errors are below 0.28%,

where we use m = 25 - 21" RQMC samples.

In Table 4.11 and Figure 4.15, we report the maximal relative discretization errors for
the weak schemes with N = 2, 3,4, while Figure 4.16 illustrates the maximal relative
errors (over strikes) versus computational time for N = 2,3, 4. From Figure 4.15, we
observe that all three curves initially exhibit first-order convergence, then approach
second-order convergence over an intermediate range, and eventually experience a

significant slowdown in the convergence rate. This behavior is mainly caused by the
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IV surface for European call options

Implied volatility
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Figure 4.9.: Implied volatility surfaces for European call options using m = 2!7 samples
and M = 1024 time steps, with H = 0.1, T® = £ §=1,...,16, and
using the nodes and weights given in Table 4.6 and Table 4.7 for N = 2, 3, 4.
The black wireframe represents the true implied volatility surface, while the
colored semi-transparent surfaces correspond to the approximate surfaces

of the weak schemes under N = 2,3, 4.

increasing influence of MC errors. Figure 4.16 shows a similar tendency to that observed
for the implied volatility smiles of European call options with H = 0.1. Moreover, in
the initial regime, we roughly observe a proportional relationship between the maximal
relative error and the computational time, with an empirical rate of approximately 2
for N =2 and 1 for N = 3,4.

4.2. Weak Simulation for the Quadratic Rough
Heston Model

In this section, we introduce two numerical schemes: the weak scheme presented in
Section 3.2.8 and the Euler-Markovian scheme. We then simulate sample paths of
(S, V) in the quadratic rough Heston model over the time interval [0,1] (i.e., "= 1)
using these schemes. Finally, we assess their weak convergence rates via option pricing
for European options.

We consider the following set of parameters:
H=01 a=05 0=02 ¢=03, n=03, §=0.02, Z, =0.02, Sy =1.

We also use the approximations KV generated by the BL2 algorithm, as given in Table
4.1.
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Figure 4.10.: Maximal relative errors of implied volatility surfaces of European call
options with H = 0.1 under N = 2,3,4. The horizontal (blue/green/red)
lines are the error of the Markovian approximation, while the vertical
lines (blue/green/red) are the nodes x (x > 1) under N = 2,3,4. The
solid (blue/green/red) lines represent the maximal errors between the true
smile and the smile using simulation. The dashed (blue/green/red) lines

indicate the 95% MC confidence intervals of these errors.

N=2|N=3|N=4
M Error | Error | Error
1 29.81 | 33.69 | 35.01
2 13.90 | 19.23 | 21.81
4 6.859 | 12.45 | 16.22
8 3.953 | 7.108 | 11.20
16 1.757 | 5.351 | 6.734
32 | 0.5897 | 2.554 | 5.231
64 | 0.1556 | 0.801 2.94
128 | 0.1777 | 0.2608 | 0.925
256 | 0.1173 | 0.0569 | 0.2761
512 | 0.0848 | 0.0382 | 0.1807
1024 | 0.0745 | 0.0324 | 0.1219

Table 4.11.: Maximal relative dicretization errors in % for the implied volatility smiles
for geometric Asian call options with H = 0.1. The Markovian error is
0.5291% for N = 2, 0.01256% for N = 3, and 0.003018% for N = 4. Most
of the MC errors are below 0.28%, where we use m = 25 - 27 RQMC

samples.
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Maximal relative discretization error of IV surfaces with H=0.1
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Figure 4.11.: Maximal relative discretization errors of implied volatility surfaces for
European call options with H = 0.1 under N = 2,3, 4. The solid (blue/-
green/red) lines represent the maximal discretization errors between the

true surface and the surface using simulation.

4.2.1. Algorithms

Next, for a given number of time steps M, we discretize the interval [0, 1] into M
subintervals of equal length At := 1/M. This yields a partition (t,,)*_, of [0, 1], where
ty, = mAt.

Euler-Markovian Scheme

The Euler-Markovian scheme is directly using the implicit Euler scheme for the weak
Markovian approximation (S, ZV) for (S, V). Recall the dynamics of them are given
by

dSN = SN\ VNAW,, VN =a(ZN —b)? +¢, ZN =w'Z),

42 =~ (2 —)dt+ (0~ Z))dt - Ja(ZY — b2 + e dW,, Z5) =z, i=1,...,N.
We remark here we apply the implicit Euler scheme rather than the explicit Euler
scheme on the drift part of Z¥ due to the stiffness of the SDE governing Z". Note
that the mean-reversion x will lead to unstable behavior if using the explicit scheme,
whereas the implicit Euler scheme effectively mitigates large oscillations and yields
improved stability.

On the time grid, we define the approximation (SN ZNM) of (SN ZN) using the
drift-implicit Euler scheme given by

N,M N,M N,M
S =5 ViAW,

t'm+1

N.M __ N.M — 5\2
‘/tm+1 - a(Ztm+1 b) + c?

ZOM — g DM _ 0 (ZOM _iyAE 4 (0 — ZNMY AL+ nW(zjj;M —b)2+ ¢ AW,

m—+1 tm t'm+1 - tm+1
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Maximal relative error of IV surfaces with H=0.1

10-1 4

10-2 4

103 4

Maximal relative error

1074 4

Computation time
Figure 4.12.: Maximal relative errors of implied volatility surfaces for European call
options versus computation time, with H = 0.1 under N = 2,3,4. The
solid (blue/green/red) lines represent the maximal discretization errors

between the true surface and the surface using simulation.

for m = 0,...,M — 1, where Z,ivnfll =w' - Z;Vm’ivll, SyM = 8, Z(()i)’M = 2z}, and
Zt]X:M = (Zt(QM)fil Also, we denote the Brownian increments by AW,,, .= W, —W,
We notice that Zt(fr?ff can be obtained by solving a linear system here. The sample
paths of stock price S; and volatility V; that simulated by the Euler-Markovian scheme

under N = 3 are illustrated in Figures 4.17 and 4.18, respectively.

Weak Approximate scheme

The second scheme is the algorithm introduced in Section 3.2.8, where we apply a
Strang splitting scheme to simulate the volatility process V', together with a tailored
scheme—following the same strategy as in the rough Heston case—to simulate the stock

price S. On the time grid, the scheme can be written as follows.

ZNM = A ZNM iy — ),

tm+1
N,M N,M
‘/;"nH»l - a(Ztm+1 - b)2 + C7
~ At
1,N,M N,M N.M
Yo =y w2+ Z S
N At
7N7M 9 b
Vo =y 4 (" 20+ (T - 20
(1)
. . T12 +9) 1 1 -~ N
N.M N.M ( 1,N,M 1,N,M
SNM _ GV ey ((_—n = (@ + )AL+ (ab+ (¥, T VY
(1),M (1),M
L1 ,S((1,1),N,M S((1,1),N,M a ,(2,N,M (2,N,M Ztm - Ztm
O YD) - SR YR ¢ S

form =0,...,M — 1, where lA’tS’N’M) = (?((l’i)’N’M))i:17_,,7N. The sample paths of

tm

stock price S; and volatility V; are illustrated in Figures 4.19 and 4.20, respectively.
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Implied volatility for geometric Asian call options
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Figure 4.13.: Implied volatility smiles for geometric Asian call options using m = 27
samples and M = 32 time steps, with H = 0.1, T' = 1, and using the
nodes and weights given in Table 4.1 for N = 2, 3,4 with QRMC method.
And log-moneyness stays in [—0.1,0.1] with 40 linearly spaced values.

N=2 N=3
Nodes | Weights | Nodes | Weights
0.00313 | 0.77264 | 0.00208 | 0.85368
1.32367 | 0.48397 | 1.29373 | 0.29388
19.73078 | 0.43614

Table 4.12.: Nodes and weights from the algorithm BL2 in [BB23c| for 7" = 1 and
H =04 with N =2and N = 3.

Computational Cost of Simulation

We remark here the Euler-Markovian Scheme and the weak approximation scheme both
cost O(N?M). But in practical, N € {2, 3} is enough. So they will both exhibit linear

cost.

4.2.2. Benchmark

In this part, we use the following set of parameters:
T=1 H=04, a=05 b=02, c=0.3, n=0.3, §=0.02, Z, =0.02, Sy =1.

Here, we choose a relatively larger value H = 0.4 to avoid the extremely rough regime.
We again use the approximations K generated by the BL2 algorithm, as given in
Table 4.12.

We vary the dimension N to compute European call option prices for the quadratic

rough Heston model by using the two schemes introduced above, with the aim of
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Maximal relative errors of IV smiles with H=0.1
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Figure 4.14.: Maximal relative errors of implied volatility smiles of geometric Asian call
options with H = 0.1 under N = 2,3,4. The horizontal (blue/green/red)
lines are the error of the Markovian approximation, while the vertical
lines (blue/green/red) are the nodes x (x > 1) under N = 2,3,4. The
solid (blue/green/red) lines represent the maximal errors between the true
smile and the smile using simulation. The dashed (blue/green/red) lines

indicate the 95% MC confidence intervals of these errors.

investigating their weak convergence rates. Since the characteristic function of the
volatility process V' in the quadratic rough Heston model is not available in semi-closed
form, Fourier methods for pricing cannot be applied. In particular, unlike in the rough
Heston model, we are unable to compute a reference option price via Fourier method.

Consequently, we assess the convergence rates of the two simulation schemes in
Section 4.2 by comparing their numerical results with a more refined solution taken as
a reference. More precisely, we use a Richardson-type extrapolation error to estimate
the convergence rates of the schemes. The underlying principle is described as follows.

Let u(M) denote a family of numerical approximations to the European call option
price u, where M is the number of time steps. Since the exact value u is not available

in closed form in our model, the global error
e(M) = [Ju(M) — u

cannot be computed directly. A standard remedy is to replace u with a finer numerical
approximation and analyze the resulting adjacent-difference sequence instead.

We remark that the IV smile of the European call option is not used to estimate
the weak convergence rate, as its computation requires additional calculations that can
amplify other sources of error unrelated to the discretization, potentially distorting the
convergence assessment.

Consider two consecutive grid levels M,, := 2™ and M,,_; = 2™ !. Define the
adjacent difference

Ay = ||u(Mp) — u(Mya)||- (4.1)
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Maximal relative discretization error of IV smiles with H=0.1
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Figure 4.15.: Maximal relative dicretization errors of implied volatility silmes for ge-
ometric Asian call options with H = 0.1 under N = 2,3,4. The solid
(blue/green/red) lines represent the maximal discretization errors between

the true smile and the smile using simulation.

We see that the adjacent difference satisfies
dn = |[u(Mp) = u(Mp-1)|| < e(My) +e(Mpo1) = CM,*(1+2%),  (42)

if we assume the approximation scheme has weak rate o, where we use the triangle

inequality here. In particular,

A1 M
R no = 2¢ 4.3

so the ratio of adjacent differences converges to the same limit 2% as the ratio of true

errors. Taking logarithms of (4.3) yields

~ log(dmfl/dm) log dmfl - log dm
Oy = =
log(M/Mn—1) log M,,, — log M,, 1

~ . (4.4)

This is the slope of the log-log plot of d,,, against M,,, estimated from two consecutive
points. As M,, — oo (i.e. as m grows), the higher-order terms will become negligible
and @, — a.

We remark that if the MC error at step M,, is of the same order as the adja-
cent difference d,,—or even larger—then the estimator (4.4) becomes unreliable. In

particular,
Hu(Mm) - U(Mm—l)H N €discret + EMC’(M) + EMC(M - 1)7

where €giseret denotes the discretization error at steps M, and M,,_1, and eyc(M)
denotes the MC error at step M.
To reduce the MC error, we restrict the log-strikes & in the interval [0, 0.2] with 20

linearly spaced values. And we use the same random number sequence when simulating
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Maximal relative error of IV smiles with H=0.1
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Figure 4.16.: Maximal relative errors of implied volatility smiles for geometric Asian
call options with H = 0.1 under N = 2,3, 4. The solid (blue/green /red)
lines represent the maximal errors between the true smile and the smile

using simulation.

Stock Price

0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.17.: Sample paths of the stock price S; in the quadratic rough Heston model
with H = 0.1 and N = 3, generated by using the Euler-Markovian scheme.
We display three representative sample paths, selected from 2'° simulated
paths, using different colors. The number of time steps is chosen as
M = 256.

u(M,,) and u(M,,—1). That is, we generate M,, random numbers to simulate u(M,,)
and derive the M,, ; random numbers for the coarser grid by summing adjacent pairs
(for the Euler-Markovian scheme) or taking the even-indexed elements (for the weak
scheme) to compute u(M,,—1). We then compute the difference u(M,,) — u(Mp—1).
This approach largely cancels out the MC error, leaving primarily the discretization
error, which enables a reliable estimation of the weak convergence rate.

The implied volatility smiles for European call options simulated using the two
schemes under N = 2 and N = 3 in Section 4.2 are shown in Figures 4.21 and 4.22,
respectively. In our framework, each u(M,) is itself a quasi-Monte Carlo estimator.
The figures also display the corresponding statistical confidence intervals.

We observe that the central portions of the two curves no matter under N = 2 or

N = 3 both nearly coincide and are indistinguishable, whereas the left and right tails
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Volatility

v(t)

Figure 4.18.: Sample paths of volatility V; in the quadratic rough Heston model with
H = 0.1 and N = 3, generated by using the Euler-Markovian scheme.
We display three representative sample paths, selected from 2'° simulated
paths, using different colors. The number of time steps is chosen as
M = 256.

Stock Price

0.0 0.2 0.4 0.6 0.8 10

Figure 4.19.: Sample paths of stock price S; in the quadratic rough Heston model with
H = 0.1 and N = 3, generated by using the weak scheme in Section
3.2.8. We display three representative sample paths, selected from 2'°
simulated paths, using different colors. The number of time steps is chosen
as M = 256.

exhibit slight differences, which are influenced by the massive MC error. Additionally,
the curves generated by the weak scheme described in Section 3.2.8 display a “wavy”
pattern. This phenomenon arises primarily because the simulations use three-point
random variables as substitutes for Brownian motion.

We report the main numerical results for N = 2 and N = 3 in Tables 4.13 and
4.14, and in Figures 4.23 and 4.24, respectively. It should be emphasized that d,, is a
quantity used to measure the convergence rate, rather than the maximal relative error
as in Section 4.1. Therefore, the magnitude of d,, cannot be directly used to assess
the overall performance of a given scheme. This explains why the values of d,, for the
weak scheme are significantly larger than those for the Euler-Markovian scheme. We
also note that Tables 4.13 and 4.14 start from M = 2 instead of M = 1, due to the
computation of adjacent differences of u(M,y,).

From Figures 4.23 and 4.24, we observe that the Euler-Markovian scheme achieves

weak convergence of order 1 for both N =2 and N = 3, which is consistent with the
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Volatility

Figure 4.20.: Sample paths of volatility V; in the quadratic rough Heston model with

H = 0.1 and N = 3, generated by using the weak scheme in Section

3.2.8. We display three representative sample paths, selected from 2'°

simulated paths, using different colors. The number of time steps is chosen

as M = 256.

theoretical results. The weak scheme under both N = 2 and N = 3 exhibits similar

behavior: it achieves a convergence rate slightly higher than 1, but does not reach

order 2. Moreover, both the weak scheme and the Euler—-Markovian scheme exhibit a

slowdown in the tail region, due to the increasing MC error.

We also remark the presence of an abnormal point at the fourth adjacent difference
dy for both N =2 and N = 3, indicated by the *-entries in Tables 4.13 and 4.14. This

is mainly due to pre-asymptotic effects occurring for certain log-strike values k € [0,0.2].

When the range of log-strikes is modified, the location of this abnormal point shifts

accordingly. However, this phenomenon has a negligible impact on the evaluation of

the convergence rate of the scheme, since it occurs only at a very early stage.

Weak Euler
M, dm Time dm, Time
2 3.5079e-02 | 0.82 | 7.5872e-04 | 0.51
4 1.7984e-02 1.26 | 4.0381e-04 | 0.64
8 7.1432e-03 | 2.01 | 2.0077e-04 | 1.04
16 | 1.1614e-02* | 3.24 | 9.7455e-05 | 1.69
32 | 6.0438e-03 | 5.93 | 4.7688e-05 | 3.23
64 | 3.0709e-03 | 11.68 | 2.7641e-05 | 5.67
128 | 1.3148e-03 | 23.49 | 1.4397e-05 | 11.13
256 | 6.3604e-04 | 48.98 | 7.2305e-06 | 23.84
512 | 3.4846e-04 | 104.04 | 4.3303e-06 | 46.73
1024 | 2.5214e-04 | 220.08 | 2.1906e-06 | 104.91

Table 4.13.: Maximal (over the strike) adjacent differences d,, in $ and computation

time in s for European call option prices with H = 0.4, under N = 2. Most

of the MC errors are around 0.001%, where we use 2!7 samples.
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Figure 4.21.: Implied volatility smiles for European call option using m = 2! samples
and M = 256 time steps, with H = 0.4, T" = 1, and using the nodes
and weights given in Table 4.12 for N = 2 with RQMC method. The
log-moneyness stays in [—0.75, 1.5] with 225 linearly spaced values. The

solid red curve represents the approximate IV smile simulated by the Euler-

Markovian scheme, while the solid green curve represents the approximate

IV smile simulated by the weak scheme in Section 3.2.8. The dashed curves

(green/red) indicate the 95% MC confidence intervals for the respective

smiles.
Weak Euler

M, dm Time dm, Time
2 3.0529e-02 0.96 | 7.6043e-04 | 0.70
4 1.6667e-02 1.33 | 3.9952¢-04 | 0.81
8 7.9302e-03 2.00 | 1.9359-04 | 1.19
16 | 1.2356e-02* | 3.52 | 9.0288e-05 | 1.94
32 6.7654e-03 6.37 | 4.1782e-05 | 3.38
64 3.5114e-03 | 12.90 | 2.4350e-05 | 6.42
128 | 1.5452e-03 | 23.02 | 1.2348e-05 | 12.39

256 | 7.4460e-04 | 47.18 | 6.3129e-06 | 25.20

512 | 4.0655e-04 | 111.42 | 4.0026e-06 | 51.16

1024 | 2.8151e-04 | 249.37 | 2.0866e-06 | 122.80

Table 4.14.: Maximal (over the strike) adjacent differences d,, in $ and computation

time in s for European call option prices with H = 0.4, under N = 3. Most

of the MC errors are around 0.001%, where we use 2!7 samples.
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Implied volatility for European call options

—— Euler smile
—— Weak smile
0.575 4

0.570

0.565

Implied volatility

0.560 -

0.555

0.550

Log-moneyness

Figure 4.22.: Implied volatility smiles for European call option using m = 2' samples
and M = 256 time steps, with H = 0.4, T" = 1, and using the nodes
and weights given in Table 4.12 for N = 3 with RQMC method. The
log-moneyness stays in [—0.75, 1.5] with 225 linearly spaced values. The
solid red curve represents the approximate IV smile simulated by the Euler-
Markovian scheme, while the solid green curve represents the approximate
IV smile simulated by the weak scheme in Section 3.2.8. The dashed curves
(green/red) indicate the 95% MC confidence intervals for the respective

smiles.
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Figure 4.23.: Maximal adjacent differences of European call option prices with H = 0.4
under N = 2. The vertical green line indicates the node x (z > 1) for
N = 2. The solid green and red lines represent the maximal differences

between adjacent option prices obtained from the simulations.
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Maximal adjacent-difference of option price with H=0.4, N = 3
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Figure 4.24.: Maximal adjacent differences of European call option prices with H = 0.4
under N = 3. The vertical green lines indicate the nodes z (z > 1) for
N = 3. The solid green and red lines represent the maximal differences

between adjacent option prices obtained from the simulations.
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A. Appendix

A.1l. Analysis of Weak Error

Proof of Proposition 2.2.5

If n > T/n, we have clearly

E[|I X5 119 < (1+ C,T/n)E[|| Xz

‘| +C,T/n,

and thus E[H)?Zth] < wu; where uy = H)?,%Hq and v+ = (1 + C,T/n)u; + C,T/n.

Therefore, we iteratively use them to derive
_ 7 vn |1q.CqT
ui = (L+CT/n)"ug — 1 < [[ Xz [|%e™,

we get the desired result eventually.

Proof of Theorem 2.2.16

We have the following expansions due to the Proposition 2.2.14. The first scheme gives:

t 2, t 2,
]—|—§Lm+§Lm+rem X - X I+§L2+§L2+rem

2, t 2, t 2,
X I+tL1+EL1—I—rem I+ Lo+ —L5+rem | xX---x | I+ <L, +—=L; +rem

2 8 2 g

L

= [+ + 3 YL)? + rem

where rem denotes a remainder of order 3.

Similarly,

t? t?
([ +1L, + EL% + rem) e <I +tL,, + ELfn + rem)

:I+tiLj+§ (iL§+2 3 Lij> + rem
i=1 j=1

1<j<k<m

t2 2
= I+tZL+§ <ZL) + rem,
and therefore the second scheme is also a potential second order discretization scheme
for X L.

125

)



Yang, Runzhe On the Rough and the Quadratic Rough Heston Model

A.2. Higher Order Approximation

Proof of Proposition 2.2.18

First note that from the equation (2.48), we have

1—1
PIEZ] - Pihl = Z P}[Lzl_(”—i_l)](P}M - Phl)PfE,le]

i1=0
and

P[n] P, = th] Zp[n (J+1)] _ PhQ)PH
Plugging these two identities successively in the equation (2.48), we obtain
— P = Z PR, — PP + R, (A.1)

with the remainder given by

—1 n—1
n—(i+1)] 1 j Bl
R=S e (SR o, - mr ) 2
=0 7=0
n—1 i—1
_ P}ET (“FU](P Phl) ZP[Z (11+1)](P o Phl)P[ }'
=0 11=0

Then, we can upper bound the remainder for f € 65524,L (R x R,) by

n(n —1)

IR fllk,v6 < C°n?(| fllks12,43h5 + C° 5

- 7\*
I lhssen 2 < Cllllsane ()

where we have used the equation (2.50) twice and the equation (2.49) once for the first
sum, and the equation (2.50) three times and the equation (2.49) twice for the second

one.

A.3. Malliavin Calculus

Proof of Lemma 3.2.7
WLOG, we may assume that ||h|| = 1 and assume that X is given as
X =fW(er),..., W(en))

where f € Cy(R") and ey,...,e, is an on.b. with e; = h. Thus, the vector
W{(ey),...,W(e,) has standard normal distribution on R™. Note that in this case
(DX, h) = (91f(W( )5 Wien)).
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We denote by p the density of the standard normal distribution, i.e.

plx) = (27)73 exp (—% Z$§) .

Using integration by parts

E((DX,h)) = / (001 (2)) () di

n

== | f@pl@)(a)dr =EXW(R).

Proof of Proposition 3.2.9

Let X, be a sequence in S which converges to 0 in LP(2) and such that DX, converges
to & in LP(Q2; H). We need to show that £ = 0.
To that end, let h € H and Y € S, be given such that YW (h) is bounded. By

Corollary 3.2.8, we have

E(Y (¢, ) = imE(Y (DX, &)
=lmE(Y X, W(h) — X,(DY,h)) =0

since X,, — 0in LP(Q2) and YW (h) and (DY, h) are bounded. It follows that E(¢, h) = 0.
Since h € H was arbitrary, it follows that £ = 0.

Proof of Proposition 3.2.16

If X;eSforj=1,...,mand ¢ € C®°(R™) with bounded partial derivatives, then
equation (3.42) follows directly from the definition and the classical chain rule.

For the general case, pick sequences X J(") in S with X J(n) — X;inDYforj=1,...,m
and a sequence @, € C*°(R) such that ¢, — ¢ uniformly on compact sets, Vi, — Vi
uniformly on compact sets and |p,| < C(1 + |z|) for a certain constant C.

It then follows from dominated convergence that o, (X™) — ¢(X) in L?(Q2) and
that D, (X ™) = > ajgon(X(”))DX](n) converges to » ", ;p(X)DX; in LP(Q; H).
By closedness of the Malliavin derivative, it follows that ¢(X) € D'? and that (3.42)
holds.

Proof of Lemma 3.2.17

The sequence X,,, being convergent in LP is bounded in L?. It thus follows that X,
is bounded in D'?. Since bounded subsets of reflexive spaces are relatively weakly
compact, we can extract a subsequence X,,, which converges weakly in D'* to some
Y € D'?. In particular, X,, converges weakly in L? to Y, whence Y = X. Tt follows
that X € DP.
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By subsequence convergence theorem, since we can apply the above to any subsequence
to see that every subsequence of X,, has a subsequence converging to X weakly in D'?.
It then follows that X,, converges weakly to X in D%?. In particular, DX, — DX

weakly in LP(Q; H).
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